Dot product and vector projections (Sect. 12.3)
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There are two main ways to introduce the dot product

Geometrical _ Expression in
L —  Properties —
definition components.
Geometrical _ Definition in
_ «— Properties
expression components.

We choose the first way, the textbook chooses the second way.
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The dot product of two vectors is a scalar
Definition
Let v, w be vectors in R", with n = 2,3, having length |v| and |w]|

with angle in between 6, where 0 < 6 < 7. The dot product of v
and w, denoted by v - w, is given by

v -w = |v||w]| cos(f).

Initial points together.




The dot product of two vectors is a scalar

Example
Compute v - w knowing that v, w € R3, with |v| =2, w = (1,2,3)
and the angle in between is § = 7 /4.

Solution: We first compute |w|, that is,

wP=1°+2°+3*=14 = |w/=V14

We now use the definition of dot product:

vV-w = |v||w]| cos(@):(Z)\/ﬁg = v-w=2/7.

» The angle between two vectors is a usually not know in
applications.

» |t will be convenient to obtain a formula for the dot product
involving the vector components.
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Perpendicular vectors have zero dot product.

Definition
Two vectors are perpendicular, also called orthogonal, iff the angle
in between is 0 = /2.

Theorem
The non-zero vectors v and w are perpendicular iffv -w = 0.

Proof.

0=v-w=|v||w| cos(f) cos(f) =0
=
v| £0, |w|#£0 0<O<

NE

The dot product of i, j and k is simple to compute

Example
Compute all dot products involving the vectors i, j, and k.

Solution: Recall: i=(1,0,0), j = (0,1,0), k = (0,0,1).

ii=1, ij=1, k- k=1,
i.j=0, j-i=0, k-i=0,
i k=0, j k=0, k-j=
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The dot product and orthogonal projections.

The dot product is closely related to orthogonal projections of one
vector onto the other. Recall: v-w = |v||w| cos(0).

VW = |W| cos(O)
VI

VW = |V|cos(©)
Wi
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Properties of the dot product.

Theorem

(a) v.-w=w-v, (symmetric);
(b) v - (aw) = a(v - w), (linear);
(c)u-(v+w)=u-v+u-w, (linear);
(d) v-v=1v|?>0, and v-v=0 <& v=0, (positive);
(e) 0-v=0.

Proof.

Properties (a), (b), (d), (e) are simple to obtain from the
definition of dot product v-w = |v||w| cos(8).

For example, the proof of (b) for a > 0:

v (aw) = |v||aw| cos(f) = a|v| |w| cos(f) = a(v - w).




Properties of the dot product.

(c),u-(v +w)=u-v +u-w, is non-trivial. The proof is:

V+W

[V +W]| cos(0O)
W] cos(@,)
— V| cos(e,)
)
v+ w| cos(6) = u-(v+ w))
|ul

\W\COS(QW)—U‘;“‘N, s >u-(Vv+w)=u-v+u-w
lv|cos(6,) = ul—'lv,

J
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The dot product in vector components (Case R?)

Theorem
Ifv = (vs,vy) and w = (wy, wy), then v - w is given by

Proof.
Recall: v = v i+ v,j and w= w,i+ w,j. The linear property of
the dot product implies

v-w=(vi+vj) (weit+wj)

= ViWxi-i+vawyi-j +vywej-i+vywj-j.
Recall: i-i=j-j=1andi-j =j-i=0. We conclude that

The dot product in vector components (Case R3)

Theorem
Ifv = (vy, vy, v,) and w = (wy, wy, w;), then v - w is given by

» The proof is similar to the case in R?.

» The dot product is simple to compute from the vector
component formula v-w = v,wy + v, w, + v w,.

» The geometrical meaning of the dot product is simple to see
from the formula v - w = |v||w| cos(6).




Example
Find the cosine of the angle between v = (1,2) and w = (2,1)

Solution:

V- -WwW

v-w = |v||w| cos(f) = cos(h)= W]

Furthermore,
v-w = (1)(2) +(2)(1)
v| = V12 4+ 22 = /5, = cos(f) =
lw| = \/22—|—712 = /5,

(G2 R
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Scalar and vector projection formulas.

Theorem

The scalar projection of vector v along the vector w is the number

pw(v) given by
vV -W

pW(V): |W‘ .

The vector projection of vector v along the vector w is the vector
pw(v) given by

Pu(v) = (

v -w> w
|w|

w|

RV) = VW = |V|cos©)
Wi

Example
Find the scalar projection of b = (—4,1) onto a = (1, 2).

Solution: The scalar projection of b onto a is the number

pa(b) = [b| cos(6) = b|r _ (‘4%)‘2).

We therefore obtain p,(b) = —

2
NG




Example
Find the vector projection of b = (—4,1) onto a = (1, 2).

Solution: The vector projection of b onto a is the vector
b-a\ a 2 1
b = Er—— —_— = <——> R ]_72 ,
o= () = (-75) 5 02

we therefore obtain p,(b) = — <— —>.

b

p (b)

Example
Find the vector projection of a = (1,2) onto b = (—4,1).

Solution: The vector projection of a onto b is the vector

a-b\ b
Pp(a) = (\T|) b <—\/i1—7> \/%—7 (—4,1),

8 2
we therefore obtain p,(b) = <— ——>.

b d
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Triple product and volumes.

There are two main ways to introduce the cross product

Geometrical _ Expression in
L —  Properties —
definition components.
Geometrical _ Definition in
_ «— Properties
expression components.

We choose the first way, like the textbook.
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The cross product of two vectors is another vector

Definition

Let v, w be vectors in R3 having length |v| and |w| with angle in
between 0, where 0 < 6 < m. The cross product of v and w,
denoted as v X w, is a vector perpendicular to both v and w,
pointing in the direction given by the right hand rule, with norm

v X w| = |v||w]|sin(6).

Cross product vectors are perpendicular to the original vectors.




lv x w| is the area of a parallelogram

Theorem
lv X w| is the area of the parallelogram formed by vectors v and w.

Proof.

. VIsin(©)

The area A of the parallelogram formed by v and w is given by

A = |w|(]v] sin(9)) = |v x w.
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Parallel vectors have zero cross product.

Definition
Two vectors are parallel iff the angle in between them is 6 = 0.

w

Theorem
The non-zero vectors v and w are parallel iffv x w = 0.
Proof.
Recall: Vector v x w = 0 iff its length |v x w| = 0, then
0 =0,
lv||w]| sin() =0 sin() =0
~ =4 or
=T

Recall: |v x w| is the area of a parallelogram

Example

The closer the vectors v, w are to be parallel, the smaller is the
area of the parallelogram they form, hence the shorter is their cross
product vector v X w.

A Vxw




Example

Compute all cross products involving the vectors i, j, and k.

Solution: Recall: i = (1,0,0), j = (0,1,0), k = (0,0, 1).

i X j =k, j x k=i, k xi=j,
ixi=0, jxj=0, k x k=0,
ixk=-j, j xi=—k, k xj = —i.
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Main properties of the cross product

Theorem

(a) v xw=—(wxv), (Skew-symmetric);
(b) v xv =0

(c) (av) xw=v x (aw) = a(v x w), (linear);
(d) ux(v+w)=uxv+uxw, (linear);
(e) ux(vxw)#(uxv)xw, (not associative).
Proof.

Part (a) results from the right hand rule. Part (b) comes from part
(a). Parts (b) and (c) are proven in a similar ways as the linear
property of the dot product. Part (d) is proven by giving an
example. L]

The cross product is not associative, that is,
ux(vxw)#(uxv)xw.

Example
Show that i x (i x k) = —k and (i x i) x k

I
o

Solution:

ix(ixk)=ix(—-j)=—(ixj)=—-k = ix(ixk)=—k,

(ixi)xk=0xj=0 = (ixi)xk=0.

Recall: The cross product of two vectors vanishes when the
vectors are parallel
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The cross product vector in vector components.

Theorem
If the vector components of v and w in a Cartesian coordinate
system are v = (vi, v», v3) and w = (wy, wp, w3), then holds

v X w = ((vowz — vawp), (vawg — viws), (viwn — vowy)).

For the proof, recall the non-zero cross products
ixj=k, Jxk=i, kxi=j,

and their skew-symmetric products, while all the other cross
products vanish, and then use the properties of the cross product.




Cross product in vector components.

Proof.
Recall:

vV=wvii+wj+ wk, w=wi+wj+ wsk.
Then, it holds

vxw=(vii+wvj+wvk)x(wii+wj+ wsk).

Use the linearity property. The only non-zero terms are those with
productsi X j =k and j xk =iand k xi=j. The result is

vxw= (w3 —v3w)i+ (vawi —viws)j + (viwz — vows) k.

L]
Cross product in vector components.
Example
Find v x w for v=(1,2,0) and w = (3,2,1),
Solution: We use the formula
VXW = <(V2W3 — V3W2), (V3W1 — V1W3), (V1W2 — V2W1)
= ([(2)(1) = (0)(2)], [(0)(3) = ()(1)], [(1)(2) = (2)(3)])
={((2-0),(-1),(2—-6)) = vxw=(2 -1 —4).
<

Exercise: Find the angle between v and w above, and then check
that this angle is correct using the dot product of these vectors.




Cross product and determinants (Sect. 12.4)

Two definitions for the cross product.
Geometric definition of cross product.

Parallel vectors.

Cross product in vector components.

>

>

>

» Properties of the cross product.

>

» Determinants to compute cross products.
>

Triple product and volumes.

Determinants help to compute cross products.

We use determinants only as a tool to remember the components
of v X w. Let us recall here the definition of determinant of a 2 x 2

matrix:
a b

c d

‘:ad—bc.

The determinant of a 3 x 3 matrix can be computed using three
2 X 2 determinants:

dl 4a2 asj
by by b3|=a
i G C3

by b3
G G

b1 by
G O

b1 bs +a
1 G3




Determinants help to compute cross products.

Claim
If the vector components of v and w in a Cartesian coordinate
system are v. = (v1, vp, v3) and w = (wy, wa, w3), then holds

i j k
VXW=]|Wn %) V3
wip w2 W3

A straightforward computation shows that

i j k
V1 Vo V3| = (V2W3—V3W2)i—(V1W3—V3W1)j —I—(V1W2—V2W1) k.
wp w2 W3

Determinants help to compute cross products.

Example
Given the vectors v = (1,2,3) and w = (—2,3, 1), compute both
w X vandv X w.

Solution: We need to compute the following determinant:

i j k i j k
WXV=|w W W3 = -2 3 1
Vi Vo V3 1 2 3

The result is
wxv=(9-2)i—(-6-1)j+(—4-3)k = wxv={(7,7,-7).

From the properties of the determinant we know that
VX W= —w X vV, therefore v x w = (-7, —-7.7). <
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The triple product of three vectors is a number
Definition
Given vectors u, v, w, the triple product is the number given by

u-(v xw).

The parentheses are important. First do the cross product,
and only then dot the resulting vector with the first vector.

Property of the triple product.

Theorem
The triple product of vectors u, v, w satisfies

u-(vxw)=w-(uxv)=v-(wxu).




The triple product is related to the volume of the
parallelepiped formed by the three vectors

Theorem
Ifu, v, w are vectors in R3, then |u- (v x w)| is the volume of the
parallelepiped determined by the vectors u, v, w.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

WxV 4

The triple product and volumes

Proof.
Recall the definition of a dot product: x -y = |x]| |y| cos(#). So,

lu-(vxw)| =|ul|lvxw|cos(f)=h|vxw|
lv X w| is the area A of the parallelogram formed by v and w. So,
lu-(vxw)|=hA,

which is the volume of the parallelepiped formed by u, v, w. O




The triple product and volumes

Example

Compute the volume of the parallelepiped formed by the vectors
u=(1,2,3), v=(3,2,1), w=(1,-2,1).

Solution: We use the formula V = |u - (v x w)|. We must compute
the cross product first:

i j k
vxw=3 2 1|=(2+2)i-(3-1)j+(-6-2)k,
1 -2 1
that is, v x w = (4, -2, —8). Now compute the dot product,

u-(vxw)=(1,2,3)-(4,-2 —8) =4—4— 24

that is, u - (v x w) = —24. We conclude that V = 24. <

The triple product is computed with a determinant

Theorem
The triple product of vectors u = (u1, up, u3), v. = (vi, vo, v3), and
w = (wy, wp, ws) is given by

up u2 U3
U'(VXW): %1 Vo v3|.
wip w2 W3

Example

Compute the volume of the parallelepiped formed by the vectors
u=(1,2,3), v=(3,2,1), w=(1,-2,1).

Solution:

N DN

u-(v xw)=

=W =
=W




The triple product is computed with a determinant

Example

Compute the volume of the parallelepiped formed by the vectors
u=(1,23), v=(3,2,1), w=(1,-2,1).

Solution:

u-(v xw)=

_ o= W

2
2
—2

=W

The result is:
u-(vxw)=(1)(2+2)—(2)(3—-1)+(3)(-6—2),=4—4— 24,

that is, u- (v x w) = —24. We conclude that V = 24, <




