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&. Represent, in the Cartesian plane, the set of points Mix, v)
such that

% . Name the set of points M in the plane

located at the same distance from a fixed point. Lircle

such that the sum of the distances o two lixed points is constant, Eliipse

such that the absolute value of the difference of the distances to two fixed points
is constant, Hyperbola

located at the same distance o a fived point and a fixed line.  Parabola

Z. Determine the eguation of the geometric locus defined by the set of points M(x, v]

located 5 units from the origin 070, 0). ** +v7 = 25

such rthat the sum of the distances from point M to points {4, 05 and (4, 0) &
equal to
L
1

z 2 1
+w}~m

X
25

siwch that the sﬂmm]ntt valm of the difference between the distances from point
M to pOMITS (- 10, €)) andi (l( 03 35 equal 1o 12,

located at the same distance trom the point (-2, 3) and the line with equation

Diraw, m 1 the ¢ Lntmum pidm‘ the curve whose equa-
tion is ¥° — y? = 1 and the curve whose iqlldti()ﬂ i5

Find algebraicallv the intersection points of these two
CRITVES,

A0, 1); B(O, -1); C(1, Z ); (1, +42 )
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a) Given two distinct points A and B in a plane, what do we call the set of points
whose distances from points A and B are equal?
The perpendicular bisector of the line segment AB. A B

b} The set of points having a common metric property is called a geometric locus.
Give examples of geometric loci,

The perpendicular bisector of a line segment, the line passing through two given points, the

bisector of an angle, ...

¢} In the Cartesian plane, a locus is defined by an equation called locus equation.

Given points A{~1, 2} and B(3, 4), find the locus equation of the points whose distances from
points A and B are equal.

M1, 3} midpoint of AB; m = —21— (siope of E) .

Locus equation (perpendicui‘ar bisector of M?A“:é): v =-2x + b

ﬁ@@MﬁWﬁ@ m%ﬁs

T he set of points having a common characteristic is called a geometric locus.

In a Gartesian plane, the common property of the points (x, v} of a locus is translated by a two-
variable equation called Jocus equation.

Ex: The set of points in the 1st quadrant of the Cartesian plane

Bisector:
~whose distances from the x-axis and the y-axis are equal is a VA i
geametric focus Corz"ewpcmdmg tothe bisector of' the 1st R
quadrant. . A AL TyEx
The: aquamon of the 10<:us isty=x (.= 0 e ol R

% In each of the following cases, describe the geometric locus and give its equation if it is the set
of points in the Cartesian planc

a) located 2 units from the x-axis and having a positive y-coordinate,
_Horizontal line passing through (0, 2). y= 2

b} located 3 units from the y-axis and having a negative x-coordinate.
Vertical line passing through {~3, 0). x = -3

¢} whose distances Irom the x-axis and the y-axis are equal.
The line with equation y = x and the line with equation y = -x.
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a) What is the definition of a circle of radius r centred at the origin? Mix: 31
%y

The set of all poinis located at a distance r from 0. »

centred at 0(0, 0).

y
b} Justily the steps allowing us to find the equation of a circle € of radius r \\\0// g

Steps ' Hugiifications
1. M(x, y) T (PN d(O, M) = r Definition of circle 8.
= .‘;xz -+ yz = Formula for the distance between O and B.
= x4 yz =2 When a and b are positive, we have the equivalence:
a=hbe a? = b2

ﬁlRQiE ﬁ%@ﬁ'ﬁﬁﬁ A‘!‘ ?R& @Eﬁﬁ%?@

* A dircle centret] at th( origin is the set of pomts M in the pIaP
located at constant distance from the origin.

~ The constant distance is the radins rof the cmk

~ Theorigin is the centre of the circle. \\\g/}
. : . . e (6‘ ..

B hf standard form of '[]flt aqmmon c)fa Cire Ec ofridms r. Mx, y) € € < d(0, M} =r
centred at O((} (}) is: ' S : : : S CTIIE AT

w 'l

xZ + yz =7t

T . Find the equation of the circle centred at the origin with radius
a) r—2 x+y*=4 b} r=43 *+v' =3

#. Pind the equation of the circle centred at the origin passing through A(=2,3). ¥+ =13

. Consider the circle with equation: x2 + v* = 5. Indicate if the following points belong to the
circle.

ay A(-2,1) VYes b} B(1,-2) Yes ¢ C(=2,2) Ne

&. Consider the circle with equation: x* + v? = 25. Find the points M(x, y) of the circle that have
a} an x-coordinate equal to 4. M,(4. 3} and My(4, -3)
i
b} ay-coordinate equal to -2, __ M (=421, - 2) and M, (71, 2)
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b €§F€§§ swt centreﬁ at the @Esgm __ }

a} The equation of the cnc] ({8 on the right, Lcntred at ( (O 0)
with radius 2, is: &% + v2 = 4. The image of circle € under the
translation 12 (x,y} = (x + 4,y + 3) is circle €',

1. What are the coordinate of the centre w of circle 47
wid, 3}

2. What is the radius of circle €'? 2
3. What is the equation of circle €'? _{x-4P +(v-3)* =

b} A circle 6 of radius r centred at w(h, k) is represented on the right.
1. What is the property which characterizes every point M on this
circle?
Every point M on this circle is located at o distance r from the
centre. Mc 6 = dfe, M) =r.
2. Justity the steps allowing us to find the equation of the circle in the - \Q\/ﬁ _;if'

standard form.

Steps Justifications
1§ M(x,y) € € < d(w, M) = r | Definition of the circle.
2. = J(x —hY +(v—kY =71 | Formula for the distance between 2 points.
3. 3 (x — ;’I)z + (v — k)z = 1° | When a and b are positive, we have the
equivalence: a =b = o = b2,

:sm \DARD mm

e [hc set (u‘ points M in Lhc plane logaud at tbe same  distance 7 fror ’thc centre w, written 6{u, r)
s ai ed circle € (,f radius ¥ centred at w.

M e €, r) < diw, ):r 4

éx; kY

“# “The standard form of the equatlon of a ¢ircle of radius r centred at”

w(h k is:

(x~~h)?+@ kY = ¢

__f-hx The cqu&‘uon in s‘candard form of thr: cire le Of r&dxus r= 5
' centred atw( h,ZJ is:
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Consider the circle € of radius 3 units centred at 0(0, 0} and the translation
tfx,y) - (e — 1y 2).

a} Find the equation of circle 4, _x* +3* = 9

b} We draw circle ‘€', image of circle ‘¢, under translation 1.
1. Determine the coordinates of the centre of circle €’ and its radigs.
Centre (-1, 2); radius: 3
2. Find the equation of circle ', _{x+ 1 +{y~ 2 =9

Determine the centre w and the radius r of the following circles.
a) (x= 37+ (y 472 =16 (3 8)r=d
by (x+ 2P +{y—12=9_ -2 1)r=3
€ (x+3)72+ v+ 1)2E=17 w=3,-1); r= 17
2 2z
) (xJ;Z) m;,,(y—;) —17 =2, 7 r =6

¥« Find the equation of the circle, in the standard form, knowing the centre w and a point M on
the circle,

a) w(1,3)and M(1,7) =12+ -3/ =16
b) w(-~4,5)and M(2,-3) _x+4P +(y-5) =100

8. The points A{~1, 2} and B(-3, -4} are the endpoints of a diameter AB of a circle. Find the
equation, in the standard form, of this circle.
(x+ZF +fy+ 1)? =10

The equation of a circle centred at the origin is x2 + y2 = 6.

Describe the translation which associates, with this circle, the circle of equation
3) (x— 12+ (y+42=16: (o9 (x+1y=-4)

by x + (v — 3)2 = 16: . y) = (%, p + 3)
¢} (x+2)7 4+ v = 16: (x, y) » (x~ 2, v)

d} x4+ 172+ +37=16: v~ (x-1,y-3)

a) Consider the circle of radius r = 4 centred at w(-1, 2).
1. Find the equation of the circle in the standard form. (x+ 1P +(v -2/ = 16

2. Expand the standard equation in order to write the equation in the form
x* +y? + ax + by + ¢ = 0, called general form of the equation of a circle,
(x+ I +{(v-2F =16 s +y? + 2x=du=-11=0

b} Each of the following expressions is a perfect square trinomial. Complete it and then factor it.

La? b 2x 4 1 = 1P 2.0 —6x+_ 9% = (x-32

3.2 1 4 4 _ (y+2P 4, 2 € 6 . (y-4F
vo+ 4y + y 8y +

9 { L3) 25 57

5.0+ 304 _ 4= (X3 6.yt Sy+ 4 — [v-3]
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¢} The general form of the equation of a circle is: % + 7 — 6x + 4y — 12 = 0.
_ q y

1. Justify the steps allowing us to write the equation in the standard form.

Steps Bsstifications

T2+ y2 — x4y — 12 =10 General equaiion of the circle.
200xf —6x vt b Ay =12 We add 12 to each side.
3 xf—6Bx+ 94 y2 +4y+4 =124+ 9 + 4 - We complete in order to obtain perfect

square trinomials.

H

4432+ (v +2)2=25

We factor the perfect sguare trinomials to
obtain the standard form.

2. ldentify the centre and the radius of the circle. __Centre: (3, -2); radius: 5

%@%ﬁ?ﬁ@?@ @iﬁ & @E%@iﬁ @%N&%ﬁi F@&M

e Exp mdmg the stdndard form of the equation of a cir de (x— k) + (y - fg) = 7%, we obtain
the general form

X2+ ax+ by +c=0

Ex..  (x+3)+(y—2)7=25 | (Staxid-ard form)
& xf 4+ bx 4 9y by 4 25
& x* 4y + 6x — 4y — 12 =0 (General form)

¢ The curve with equation: x° + y* + ax + by + ¢ =0 is represented by a circle in the Cartesian
plane if and only if a* + b* > 4¢ _

¢ From the general [orm of the equation of a circle, we can find the standard form of the circle
equation (See activity 3¢)).

T8. 1n cach of the following cases, find the equation of circle € in the standard form and then in
the general form.

ay Centre (-1, 3); radius 2. b} Centre (0, -3); radius 2.
1, x+ 1) +(y-3pF =4 1. 2 +{v+37F=4
2. X y?+Zx-b6y+6=0 2 Z+Fr6y+5=0
¢} Centre (2,-1); M(-~1, 3) € €. d} AB isa diameter, A(-2, 1} and B(4, -3).
1. x-2P+(v+1F =25 1. (x-1F+(y+1fF =13
7. ey -dx +2y-20=0 2. Ay -2x+2y-11=0

1. For cach of the following circles,
1. write the equation of the circle in the standard form.
2. find the centre and the radius of the circle.

a) X244y —2x+4dy~4=0 by x* +y*+8x+4y-+19=0
(x~ 1 +(v+2¢°%=9 (x+4}2+(§)+2}2=1
{(I,-2);r=3 wi-4, -2} r =

326 Choapter 7 Conics © Guérin, éditeur ltée



¢} Xyt~ dx Gy — 4 =0 d) x4y —x+3y-15=0

2 2
- 2)2 = 1 3y _
(x-2P +(y + 3P =17 (XWE +[§,+_§} -4
2
(2, ~8); = J17 w[;f,;:g% ir=2

B 2. Explain why each of the following equations is not that of a circle.
a) o erz 4y 6y +14 =0 (x-2ZF +(y + 3)? =~ 1. The sum of Z squares cannot be negative.

Bl 22— 2% —dy— 19 =0 The coefficient of y2 cannot be negative.
v v

T 3. Determine, if they exist, the intersection points of circle ‘@ with line [,
a) Clx—1P+{y+2¢=9 b} Cx+17+y-22=2 ¢ C:(x+22+ v+ 17=1

Ly = —x + 2 lix—y+1=0 ['x—~vy—1=0
(1, 1} and {4, -2} (G, 1} No intersection point.
dy €+~ 2x+4y+1=0 e €:x+9y7=9 fl €ty 2x+4y -20=0
e Lx+y=>5 [3x 4+ 4y — 20=0
(1, G} and (-1, -2} No intersection point, (4, 2}

T dl. Represent the solution set of the following inequalities in the Cartesian plane.
a) x*+y'=9 by (x -2+ —-1)2=4

VA

T5. For cach of the following regions, determine the inequality tl

a) b}

(x+ 12 +(y-12= 4 {x-3}2+(y-1)2>%
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a)
b)

Cons;dar on ;the
and point A(1, 3) on this circle.

m}lt tha mde ((3 wfth equation: (x —~ 2)2 + (y - 1) =5

Find the coordinates of the centre w of this circle. =2, 1}

Draw the line [ passing through point A and perpendicular to the
radius WA.

This line [ intersects circle € in only one point. Line [ is called
tangent to the circle at point A.

TS 4

1.5
—~ I e .i,. —
¢} Find the equation of line [. YT "
. | INE TANGENT TO A CIRCLE
A line is tangent to a circle 1f it intersects the circle in only oné pomt
called point of tangency.
Ex.: Given the circle on the right,
~ line [ is tangent to the circle at point A.
-~ A is the point of tangency."
« Properties of the tangent:

— The tangent is perpendicular to the radius at the point of tangency.
[ 1WA
~ The distance between the centre w and the tangent [ is equal to the radius .

d{w, [) = r

- Given a point A on a circle, there exists only one line tahgent to the circle at point A,

16. Consider the circle with equation: (x -+ 1)? + (y — 2)2 = 25,

528

(2+ 1P +(6-2¢F =25
wi~1, 2)

a} Verily that point A(2, 6) is a point on this circle.

b} What are the coordinates of the centre w of the circle?

¢} Explain the procedure to find the equation of the line [ tangent to the circle at point A.
1. We calculate the slope of the radius LA .

2. We deduce the slope of the tangent | knowing that wA | L

3. We find the equation of the line I passing through point A{Z, 6) knowing its slope.

d} Find the equation of the tangent [ at point A.
6-2 -3 315

771 7 S diys=-ixaoy

=3 "
1. am = -"-3" 2. ad =

@%’E@ﬁﬁﬁﬁef 7 Conics © Guérin, editeur ltée



7. Use the data from exercise 16. Justify the steps allowing us to find the
equation of the tangent [ at point A using the scalar product.

Steps Hustifications
LiMx,vieds AM 1 Aw Property of the tangent.
2. & AM- Aw=0 Property of the scalar product.
3. “{x — 2,y — 06):(=3,-4) = 0 | Calculating the vector componentis.
4. @ -3(x—2) — 4 (v —6)= Calculating the scalar product.
5. & =3x — 4y + 30 =0 Equation of line | (general form).
6. & y= ‘%x + —1-25 Equation of line | (functional form),

T 8. Find the equation of the tangent to the circle with equation: x* + v — 2x + 4y — 35 =0 at

point A(3, 4).
G- 1P+ v+ 2P =405 o1, -2} a,=3; Ly=-1x+5

T 9. Find the equation of the circle with centre w(~2, 3 if the circle is tangent to
a) the x-axis, _(x+ 2P +(y-3/ =9 b) they-axis, (x+2F+-3F =4

2¢

Consider the line [: 2x + y — 4 = 0 and a point w(1, -3).

a} Find the equation of the circle € centred at w and tangent to line [.
Radius =d(., = 5 ; (x~-IF +(y +30 =

b} Find the coordinates of the point of tangency A, _A(3, ~2)

2 . Consider the circle € with equation: 2% + y? = 18.
a) Find the coordinates of points A, and A, on the circle
which have an x-coordinate L(]’déﬁ to 3. Axf3, 3) and A, (3, "3) yaRE e

b} Find the equation of the lines [, and I, tangent to circle

% at points A and A, rcspcctzvely
I: y—-w-x+6cmd12 y x=6

<} Show thatlines [, and [, meet at a point P located on the
X~axis,
The system ij"’x "’“66 has solution P(6, 0)

d) Show that the quadrilateral 0A,PA, is a square.

mOA; = mA,P = mPA, = mOA, = /18 = 0A,PA, is a rhombus. Z QAP is o right angle (Pro-

perty of the tangent} = OA PA, is a square, since one of the angles of the rhombus is right.

e} Calculate the area of the region bounded by the line segmem PA,, the line segment PA,

and the arc of circle A A, Area of square 04,PA, = 18 u?

Area of the circular sector A UA, = 187

y; 2=t w? {one quarter of the disk). Requested area = {18 - _5;_‘7] u?.

Guérin, éditeur ltée 7.2 Circle
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71y J"“! J Ei inse tentreﬁ at the origin

éoumdu’ two pomts Fi{~4,0) and Fz(-’«% 0) located on the
X-axis.
The set of points M in the plane such that the sum of the
distances (M, F} 4 d(M, F,) = 10 is an ellipse with foci
at points F, and F,.

The four pomts A (5, 0), A, (5, 0), B,(0, -3} and B,{0, 3)

represent the vemccs of the elhpso

a) Verily that N
1o d{A,, F) + d(A, F,) = 10 A, Fy=1;d(A, F,)=9 —

2. d{A, F)) + d(A,, F,) = 10 9Ag Fy) = 9; d(Ay, Fy) = 1

3. d(B],F)+d( *)—'10 d(B,, Fij=5;d(B,, F)) =5
4. d(B,, F)) + d(Bj, F,) =10 4By Fi} = 5:d(By, Fy) = 5

b} Justify the steps allowing us to find the equation of this ellipse €.

Stens Justifications
1. IM(x,y) €€ = d(M,F,) 4+ d(MF,) = 10 Definition of ellipse €.
20 fer Jx 42 + 7+ Jx - 47 442 =10 Formula for the distance between
2 points,
3. I+ m == } () m Property of the equality relation.
4. 3 (x +4)° yz =100 + (x ~ 4)7 + y* = 20f{x —4¥ + v |Squaring both sides.
5. Jewt -+ 8x+ 16+ v =100 + %7 — 8x + 16 + 37 — 204f(x — 47 + v | Expansion of the squares.
6. fo 16x — 100 =-204f(x — 47 + 2 Reduction.
7. Je (16x — 100)? = 400[(x — 47 + 3?] Squaring both sides.
8. e 256x2 - 3200x + 10 000 = 40()(962 ~~~~~~ 8x + 16 + y9) Expansion of the sguares.
9. e 256x ~ 3200x + 10 000 = 400x7 — 3200x + 6400 + 400v7 | Distributivity.
10.{= 1447 + 400y~ = 3600 Reduction.
11 fes % T We divide both sides by 360C.

¢} The equation of the ellipse in b) is in the form mj;-; + —by—;— =1{a >0, b >0) called standard form.
1. Identify parameters a and b. a=5andb=3
2. Verily that the major axis A| A, containing the foci has a length of Za. a =5; d(A,Ay) = 10
3. Verity that the minor axis BB, has a length of 2b. ___ b = 3; d(B,B,) =
4. 1f 2¢ is the distance between the foci, identify ¢ and verify that b? + ¢ = a?.
c=4: b2 + 2 =324+ 42 =52
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e The ellipse with foci F| and
distances to the foci is ( ety m%:

ELLIPSE mmm AT 'E'HE @Ré@ﬁ%

is the set of all points M of the plane for whic h the sum of the

«  We distinguish two cases according to the position of the major axis containing the foci.

Horizontal major axis

Vertical major axis

Ajl-a, [})\gi-—c\ﬂ)
t

v:
+ =1

&Ni }?u

Y

A, &)

T
& 1B.{b, 0)

A
&
AT(O.- Wa}
x Y
W ER pr i 1

@

@

L]

&

L]

Thn axes of the ellipse are axe

&

@

LM, F)) + d(M, F,) = 2a

Thie centre O of the ellipe is a centre of symmetry,
The parame:tcrs__o;,_b.and.c of the ellipse \;L-gf}i vthagoras’ relation::

The four vertices of the ellipse arc: A, A,, B arid B,,.
The major axis ¢ the line segment A,A w1th hng,th 2a.
The foci F| and Fy-are lovated on the major axis.

The mmgr axis is the line segment B, B, with E(ﬂgfh 2b.
The focal distance'is the length 2¢ between the foci I and E,. (¢:=»0)

{a >0)

(& > 0)

is'of symmetry.

e 22, 92 _

We have:
a=5b=3c=4 f 3
A5, 01, A4(0, 5)

B,(0, -3}, B,(0,3)

oy XY

Ex.: g—i—zsml
We have:
a=5b=3c¢c=4
A](Of —5)1 AZ(O) 5)

B} (—3! O)J
Fj (O! *4)1

B,(3, 0}

F.{-4,0),F,4,0)

F, (0, 4}

Guérin, éditeur ée
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2 2
T. Consider the ellipse with equation: —xg— -+ % =1.

> 2
2. Consider the ellipse with equation: xT -+ ~}~;- ===

a} Draw the ellipse in the Cartesian plane on the right.

b} Is the major axis horizontal or vertical? _ Horizontal 3

¢} Find the coordinates of the vertices. _ (=3, 0}, (3, 0), (0, -2), (0, 2) -

d} Find the coordinates of the foci F| and F, and locate the foci in the S
Cartesian plane. __Fi45.0), F;(/5, 0)

e} If Mis a point on the ellipse, determine d(M, F,) + d(M, F,). .6_

a} Draw the ellipse in the Cartesian plane on the right.
b} Is the major axis horizontal or vertical? ___Vertical .
¢} Find the coordinates of the vertices. (2, @) (1, 0), (0, -2}, (0, 2 -
s x
d} Find the coordinates of the foci F| and F, and locate the foci in :
the Cartesian plane.
Fi(-43,0), F,(0, 43)
e} If Mis a point on the ellipse, determine d(M, F,) + d(M, F,}. 4
F. a} Explain the steps allowing us to write the standard form of the equation of an ellipse
centred at the origin in the general form ax? -+ by? + ¢ = 0,
¥4
%3 + %]1“ =1 (standard form)
1. 36[363 + Q’i} = 36 We multiply both sides by the common denominaton
Z. 4x2 + 9y2 = 36 We apply distributivify.
3. 4x? + 93;2 — 36 =10 We subtract 36 from both sides.
b} Write the equations of the following ellipses in the general form.
EAI 2 ¥ A G|
1 7 5%1 Z.xé—gwi 3'§+16
5x% + 4p% - 20 =0 9x? 1yt -9 =0 362 + 2 - 16 =0
. Complete the following table.
Equation of Pasition of the Coordinates Coordinates length of | Length of
the ellipse major axls of the vertices of the fod the the
major axis § minor axis
]’gg + ;5;} 1 Horizontal | (-13, 0), (13, 0), (0, ~5), (0, 5}}(-12, 0}, (12, 0) 26 10
Xy .
L= I - -1 0, - 12
R Vertica (-6, 0), (6, 0), (0, -10}, (0, 10} §(0, -8), (0, §) 20
X Ayt — 4 = Horizontal § (-2, 0}, (2, 0), (0, -1}, (0, 1) | (-3, 0), (43, 0) 4 2
25x% + 4y — 100 =0 | Vertical (-2, 0}, (2, 0), (0, -5), (0, 5) | (0, - 21}, (0, 21) 10 4
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/Determine the equation of cach of the following ellipses.

6 b) ¥ <} Y
\\ 8 Focus 2 Focus
s AT N
= 0 3,0 X
T (3.0 (
x* v x ¥ x* v
o7 T 1 A B TR
£
3
d} 4 Focus e) yi4 '5‘, y,: Facus
g il
(0, 4 T 2 $
¢ Tx
0 2 X Focus Focus 0 7%
0,
Focus
x v x: v x2  v?_
gt 1 25 " 18 =1 ity

&. Determine the coordinates of the foci of an ellipse centred at the origin whose vertices are the
points

a) (6,0)and (0,4) __(-{20,0) and (0, J26) k) (6,0} and (0,7) (0.~ T3) and (0, JT3)
¢} (-10,0} and (0, -6) (-8, 0) and (8, 0) d) (-4, 0)and (0, -6} (2 - 26 ) and (0, 420 )

. In each of the following cases, find the equation of the ellipse in the standard form.

a} The major axis of length 20 units is horizontal and the minor axis measures 12 units,
LYy
100 36

b} The major axis of length 16 units is vertical and the minor axis measures 10 units.

x2 L,2
e al el
25 64 1

¢} The major axis of length 10 units is horizontal and the focal distance measures 6 units.
2 2
-

¢} The major axis of length 20 units is vertical and the focal distance measures 16 units.
LS L

36160

8. Represent the following inequalities in the Cartesian plane.
b) 9x% + 432 — 16 = 0 QG A -4<0 N Ly ey

& y o= / %.3 Ellipse 333
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a) {9x2-§—25yZMZZSSO
3x+5y—15=0

b}

Describe each of the following regions using an inequality.

Represent the following systems in the Cartesian plane.

b) [x?+42-9=<0
9x? + 4y ~ 3620

—

b}
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T2. Determine the coordinates of the intersection points of the ellipse with equation
x? + 4y* — 25 = 0 and the line with equation x + 2y — 7 = 0.

Points {3, 2} and {4: “g“]

T %. An art exhibit is presented in a room whose ceiling has the shape
of & half-ellipse as shown on the figure on the right.

i
Spotlights are installed on the ceiling at a horizontal distance of v
5 m from the edges of the ceiling. - e

. 5m 5m
What is the height of the spotlights, as measured from the floor? . >
Ellipse: - 4 v = 1; when x = 15, v = /63 . The spotlights are at height 7.94 m.

400 144

Bl The circle with equation: x? -+ v? = 9 and the ellipse with equation:
4x* + 9y* — 36 = 0 are represented on the right. Calculate the area
of the shaded reg:ion

a=3;b=2; Area of shaded region = 9n - 65 = 31 »?

T%. A race track has an elliptical shape. The length of the major axis is 80 m and the focal distance
is 64 m,
What is the length of the minor axis? _48 m

T6. The measure of the chord perpendicular to themrajor-axis.a,

through one of the foci of an ellipse is callefd latus rectum fj‘ﬁs p
Calculate the measure of the latus rectum of an ellipse defined by the /// \T\
equation 9x? + 25y — 225 = 0. \

g

aw5;5m3;cm4;yp=%;yq=~g

Measure of the latus rectum = 3.6 u.

7. A rectangular garden has a perimeter of 72 m and an area of 320 m% A | . .
landscape architect wants to create a flowerbed shaped as an ellipse in | / ;,5\\ _
this garden. Using a sketch, give the dimensions of the ellipse and locate 1, 6
the foci so that the flowerbed has maximum area.

Major axis = 20 m; minor axis = 16 m: focal distance = 12 m.

P
ob =3 1o N J@

&i x [ = 3o 20

H—iz—f _ _‘/M(;_Q‘_ _ 3(0 o - NS ¢
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COHbldtT two points F (-5, ) and F
the x-axis.

The set of points M of the plane such that the absolute
value of the difference |d(M, F,) — d{M, F,)] = 8 is a
hyperbola whose foci are the pmntq F, and F,.

The two points A, (-4, 0) and A,(4, (J) represent the

vertices of the hyperbol

—,(5 G) 10c<1ted on

a} Verify that
‘d(Alf F]) o d(A[I FZN =8
d(AI’ F1)=I;d(A1: F2)=9; !1"9i =&

2. |d(Ay, F) — d(A,, F,)| = 8
Ay, ) = 9; dlAy, F) = 1;

19-1(=8

b} Justify the steps allowing us to find the equation of the hyperbola .

Etapes

Justifications

1 IMUx, y) € ¥ = [d(M, F) - d(’\/l, E“Z)I = 3

Definition of hyperbola 9.

Formula for the distance
between 2 points.

Twe opposite numbers have
the same absclute value.

Property of the equality
relation.

5 ﬁ(erS)?ergm(th) +2 464416 ( ) + 472 Squaring both sides.

6. Jox2 +10x+ 254 92 = x? — 10x + 25+ y2 + 64 £ 16 4f(x —5) 4 y2 | Expansion of the squares.
7. 4> 20x — 64 = 216 4f{x — ) + 32 Reduction.

q (20x4764)"M256 J Squaring both sides.

0. e 400x2 — 2560x -+ 4096 = 256y2 — 2560x + 6400 + 25647 Expansion of the squares.
10, e 14402 — 2562 = 2304 Reduction.

1 {e %#?—1 gﬁ@kmmmmw

The equation of the hyperbola obtained in b} is in the form X _ 5* -] called standard form.
a

cj 1. Identify the parametersaand b.a=4, b =3
2. If the focal distance {distance between the foci) is 2¢, identify ¢ and verify that
@l bt =2 c=5:0a°=16b°=Qand a® + b = &

3. Draw the rectangle having vertices: (a, b), (~a, b), (~a, =b), and {a, -b) then verify that the
diagonals of this rectangle are supported by the asymptotes of the hyparbola
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'HYPERBOLA CENTRED AT THE ORIGIN

& Ih{ hyperbola with foci F| and F, is the set of all points M of the plane such t] at the absolute
value oi the difference wftht distances to the foci is constant.

e We distinguish two cases according to the position of the transverse avis containing the foc.

Horizontal transverse axis Vertical transverse axis
¥4 ¥ 4
L L ) <
ioby
i ,,w"’# £ I!
I - k & £
Fi—c, 0) A= O NG, a. Uﬁﬁ Fle.o) x A{-a.0) 0 Ao Ada ) x
e N | B‘([};’—
B0, ~6) .
TR0, )
2 }72 N 2 yE N
- S g
* The vertices are: A (-a, 0) and A,(a, 0). {* The vertices are: B, (0, ~b) and B,(0, b).
* The foci are: I, {~¢, 0) and F, (¢, 0). ¢ The foci are: 0 F,(0, =) and F,(0, o).
@ The transverse axis A| A, has length 2a. e The transverse axis B, B, has length 2.
(a>0) (b > 0)
® The conjugate axis B, B, has length 2b. e The conjugate axis A, A, has length 2a.
(b=>0) {a >0)
¢ For every point on the hyperbola, we have: { ® For every point on the hyperbola, we have:
ML E,) — (M, Fy)| — 2a AV, Fy) — diM, F)| = 26

49 thf dmt ance 2¢'be tween--thc

etry and tbe orlgm 0 1s a centre 0% symmetw

- The hyperbola has twoasymptotes passing t hroum h theorigin: )1 y = fwx and l y = —«ff .

- The foc: &i:af:;t:
= The axes of the hyperbola aré axes of syn

- Thc parame ters ; b and cof thf hyporhola ve r1f3 the relatio

Ex.: Xy

. We have: \\ 8; //ﬁl\; We have: 28
4 3 — .i.

a=4b=23, c—5

7 )
| Vertices: A {—4, 0); A, (4, O)//A1 A2\< Vertices: B, (0, -3), B,(0, 3) il
| Foci: F.(=5, 0); F (5 o 5 Foci: F,(0, -5), F,(0, 5) :
For every point M on the hyperbola, we have:| For every point M on the hyperbola, we have:
M, F)) —d(M, F,)] =2a =8 (M, F)} — d(M, F,)| = 2b =6
. Asymptotes: ll Ly = %x;l Ty = wi—x . Asymptotes: l] Ly %x;l Y= ——i—x .
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centred at the origin with equation: 3f — L
’ bl

 _1-_  | - DRAWING THE &mmmm

Lot us use the following pro(uiurt to c{r :w the hxptfh{»ii

=
:-:a

- We identity the position of the
transverse axis according to the
equation model.

~ We identify the parameters a and b. |

- We deduce the parameter ¢ knowing
that a* + b? = ¢*,

— We locate the vertices A, A, and
the foci F|, F, on the transvor‘;c axis.

~ We draw thc asymptotes [, and [,
supporting the diagonals of the
rectangle centred at O with vertices
(a,b), (~a, b}, (~a,-b), and (a, -b).

— We draw the hyperbola using a table
of values.

Horizontal transverse
axis

a=3;b=2

=13

A1(=3,0), A3, 0)
£ (-43,0), 1, (413, 0)

_2

ll;yf3x
=2

[, y=5x

s 3131 4 5
v 01 1.3 176|256

~ We draw one branch of
the hyperbola approaching

the asymptotes.

— We deduce the other branch

by symmetry.

. 2
£. Consider the hyperbola % — X —.1. 1
a) Whatis the position of the transverse axis? _Vertical oo R
b} Identify the parameters a, bandc. =3, b=2 ¢c= fig L B 1,
¢} Determine the coordinates of the vertices and the foci. 5 o AY
B (0, -2}, B,(0, 2}; F,(0,- y13), F,(0, J13) : . .
AL N A x
d} Determine | i
1. the length of the transverse axis, 4 v T B, A
2. the length of the conjugate axis. & u B
3. the focal distance. 2413 u /. o= _
e} Draw the asymptote@ of the hyperbola and determine their | ¥ | ¢ | 34| 45| 5.2
2 3
equation, hiy=2xil: V=g* vi 2 3 13| 4

f} Draw the hyperbola.

g) If Misa point on the hyperbola, complete: [d(M, F,} —

d(M, Fo)f = 2b =4

h} Verify that the circle of radius ¢ centred at 0 passes through the foci of the hyperbola and
through the vertices (a, b}, (~a, b), (~a, -b) and {a, -b) of the rectangle.
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a)
b)
<}

d}

e}

f)

aj
k)

Consider the hyperbola X "{;" - L

)

16
What is the position of the transverse axis? Horizontal

Identify the parameters a, band c¢ =3 b =4 ¢ =35

Determine the coordinates of the vertices and the foci.
A3, 0} A3, O); Fi{-5, 0}, F (5, 0}

Determine
1. the length of the transverse axis.
2. the length of the conjugate axis.

3. the focal distance.

Draw the asymptotes of the hyperbola and determine
co=d iy =d
their equation, 'Y= g¥ilziv =g

Draw the hyperbola. x

3

4

5

If M is a point on the hyperbala, complete: [d(M, F,) — d(M, F,)| = 6] y

G

3.5

5.3

Verify that the circle of radius ¢ centred at O passes through the foci of the hyperbola and

through the vertices (a, b}, (-a, b), (~a, ~b) and (a, -b) of the rectangle.

-wl r?fiué,’m

3 -1 are

#. When the parameters a and b of the equation of the hyperbola X L
equal, the hyperbola is called equilateral. b

a} 1. Determine the equations of the asymptotes of an

equilateral hyperbola, _ ¥ =-xandy =x

2. Are the asymptotes of an equilateral hyperbola
perpendicular? __ Yes

b} Draw, in the same Cartesian plane,
1. the equilateral hyperbola with equation: x* — y% = 4.

2. the equilateral hyperbola with equation: x? — y2 = -4,

. Write the equation of the following hyperbolas in the general form ax? + by* + ¢ =0,
A EAN G ¥
3) gyl b) = <) z %3““1

9% - 16y7 - 144 =0 64x% - 36y% + 2304 =0 400x% ~ 14447 - 225 = 0

I,

oo
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. Complete the following table.

Eauation Position of | Coordinates of Loprdinates tength of | Length of Equations
of the hyperhcls the frans- e vertices of the focd transverse | conjugats of the
weyse auis s ais asymipptotes
ic-— _y ==} Horizontal -3, 8} and (-5, &) and (5, G} & 8 Y= %X
9 16 (3. 0)
vt
- 2
E Vertical (0, -4) and (0, -5) and (0, 5) 8 6 y= %x
9 16
{6, 4) 4
=X
GAx? — 36y? — 2304 = O | Hovizontal {(~6, 0) and {(~10, 0} and (10,0} iz I p = %x
{6, G) __a
y= s
x? — Zyz 42 =10 Vertical {0, -1} and (0, .._J§) ond 2 242 Y= ;g—g—x
@ 1) o, 43;} ”e :}E— .
&. For each of the following hyperbolas, determine its equation.
a) 7 S N

7. Determine the coordinates of thé foci of & hyperbola centred at the origin in each case.
2 ._,.4-"’2 N
a} The hyperbola has equation: % - % =1, _F(0.-413); F, (0, 4T3)

b} The hyperbola has equation: 95; - Qéi =1. _ F{¥79,0):F, (429, 0]

¢} The focal distance is equal to 12 and the transverse axis is vertical. _f1{0, ~6) and F,(0, 6)

d} (8, 0) is a vertex of the hyperbola and one of the asymptotes has equation; y = %x
F,(~10, 0) and F,(10, 0)
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» Determine the coordinates of the vertices/of a hyperbola centred at he origin in each of the
following cases.

2 2
a}) The hyperbola has equation: {T - 5_6 wo], (0~ and (0, 4)
. R
b) The hyperbola has equation: fgm - 9{; =1, __ (-f5.0] and[{5. 0]
¢} The transverse axis is horizontal and measures 6 units. (-3, 0) and (3, 0)

d} The conjugate axis is horizontal and has length 6 units and the focal distance is equal to 10
units.

{0, ~4) and (0, 4}

9. In each of the following cases, determine the equation of the hyperbola centred at the origin.

a} F (-4, 0)and F,(4, 0) are the foci and A | (-3, 0) and A, (3, 0) are the vertices. 3

%2 2
b} F(0,-3) and F,(0, 3) are the foci and B, (0, -2} and B,(0, 2) are the vertices. 5~ F=-1

¢} The transverse axis is vertical and measures 8 units and the focal distance is equal to 10

units.
*2_ ¥
o ) 1

1
d} (-2,0) is a vertex of the hyperbola and one of the asymptotes has equation: y = %x

T @. Represent the following inequalities in the Cartesian plane.

2
a} xz‘___yZE]r b} %_yZZg_l t} %2 e y‘2<w1

T %. Describe each of the following regions using an inequality.

" ) Cd
.
a) iy ) < [ e
e H T e
"\.\ ’ Ly W s
e T o PN 1...,.../1.;
- - % \\ ’ £
d A A
= T ¥ qY R
x 1 \\}‘j-\ *
! P s s \\\'
- s e
L B .
: o N
£ LY
e PN
2 2
X 2 2. ¥ <. 2
rkals 1 XEw = i -2 > 1
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2. Represent the following systems.

a) |x? — 2=l b} |x? - yi=1
x? 4 y? =4 4% + 9y — 36 =0

w2 y? x*-y* =]
Tt =1 (x -1} +(y-2)2<4q

T4h. Determine the coordinates of the intersection points of the hyperbola with equation: x* — y? = 1

and the circle with equation: x* + 2 = 7. o 1 A 7 e JE
(2,3, (-2, 43). {2,~43) and (2,43 /I

i

Wiy
i
¥

1 %. Determine the coordinates of the intersection points of the hyperbola with equation: x2 — y2 = -]
and the line with equation: y = 2x -+ 1.

(0, 1) and {_%, :32]

T6. Determine the coordinates of the intersection points of the ellipse with equation: x% 4+ 2y2 — 2 =0
and the hyperbola with equation: x? — 2y2 4+ 2 = 0
(6,1} and (0, -1}
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7. The logo of a company is represented on the right.
The curve shown is a hyperbola with equation: 16x% — 9y? = 3600 where
the measurement unit is the millimetre.
The line segment AB passes through the focus F of the hyperbola and is
perpendicular to the transverse axis.
What is, rounded to the nearest hundredth of a unit, the length of line
segment AB?

2

L X vy, . alos 80 -80
Hyperbola: 22 - ¥ = 1, F(25, 0); A[25, % and 3[25, ?]

MmAB = 53.33 mm.

The outline of a chimney shaped like a hyperbola is represented on the
right. The focal distance is equal to 10 m.

Determine, to the nearest hundredth of a unit, the height h of the
chimney.

O N

Equati the hyperbola: X . ¥ .
quation of the hyperbola 5 " 1E I 10m

Height of the chimney: 10.67 m.

A mechanical part is composed of an ellipse and two
arcs of hyperbola. The foci of the ellipse are the
vertices of the hyperbola and the foci of the hyperbola
correspond to two vertices of the ellipse. w
The focal distance of the ellipse is equal to 16 cm while
the focal distance of the hyperbola is equal to 20 cm.
The width w of the mechanical part is equal to the
measure of the minor axis of the ellipse. Determine the ]
length L of the part, to the nearest tenth of a unit.

i ipse: X+ ¥ 3. w= . i c X2 Vg
Eguation of the ellipse: 100 * 36 1; w = 12 cm; Equation of the hyperbola: Fr it T 1;

fength L = 22.6 em.

@8. The two shores of a lake are shaped like the two branches of
a hyperbola around the area where the distance between the
shores is the shortest. We observed that the shortest distance
is 30 m and that the focal distance is 50 m. What distance,
rounded to the nearest unit, must we travel to cross this lake
in the direction parallel to the transverse axis and at a distance

of 15 m from this axis?
v? 5m

R S .
Hyperbola: 406~ B35 I.

We must travel a distance of 38 m.

50m
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Parabola

_ ':\ EIYEr 1’{ il %mh@ a with vertex W0, 0) open aggswa?ﬁﬁ

Conmdu‘ the lme ['with equation: v = ~c and the point F(0, ¢), (¢ > 0). K
The set of points M of the plane whose distances from line { and point F
are equal is a parabola whose focus is point F and whose directrix is
line [, o M
a} Verify that the vertex V{0, 0) of the parabola is at the same P, ¢ 'l
distance from the focus F and the directrix 1. v e
L
b} Justify the steps allowing us to find the equation of parabola . Ly=-c
Steps Bstiications
oM, y) € P e dM, F) = d(M, D Definition of parabola 9.
2. e ﬁ}xz +{v - C)Z =v-c Formula for the distance between 2 points and formulia for
the distance between a point and o line.
KR P [V — C) = (y + c)h Squaring both sides.
4. Jex? + y - 2cv + o= y + 2oy + e Expansion of the squares.
5. 1 x? =4doy Reduction,

Y 72 parabela with vertex V(0, ) open downwards

Show that the parabola & whose focus is the point F(0, —c), (¢ > 0) y
and whose directrix is the line [: y = ¢ has equation: ¥ = —4¢y. by =c
M ) e P o YA mcoyex vy s ol = (cmyf v ,
=& vy +2ey + F = - Zoy + V7 = X2 = 4oy js *
FF{D, ~¢] ap
/ Mix, yl

Parabola with vertex V(G, 0) open to the right

Show that the parabola & whose focus is the point F(c, 03}, ¢ > 0 and -
whose directrix is the line [: x = —¢ has equation: y* = 4ex.

Mx,p)e P o fix-cf +v? —x+ce (x-¢)2 +y? = (x +c)?

G xf e Zex +F + ¥ =52 2 Zex + e o P o= dex.

Lx=—-c
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Show that the parabola @ whose focus is the point F(~c, 0}, (¢ > 0} and

whose directrix is the line [: x = ¢ has equation: y? = —4cx.

Mx, pje P e Jxref vy scmxo (xr )+ P s fo-xP

7 24 Pparabola with vertex V(, ) open to the left

M(x,\;yw

&+ Zex + 0% + 2 = - Zex + xE o v = ~dex.

Lx=c

R‘

g

'i& iﬁm‘ﬁ W&RTEX H

e Th<w parr‘ﬁbe}a with focw; F and d;rec‘u ix [ (hne not passing through the focus) is the set of all
points M of the plane whose distances from the focus and the directiix are equal.

¢ We distinguish four cases according to the concavity of the parabola with vertex V{0, 0).

Concave upwards

Concave downwards

Y
M %,
FiD, cf
ho._.Y x
[y =wc
x? == by

Concave to the right

Concave to the left

L Y4 i
- M M Ty
l:x:wc: !

3 §

i ]

: :

"V Fle o) % Fl—c, 0}V ! x
' ;

I B

1 !
yi=4dcx yt=—hcx

3%1( X~ 1*(1% 1s

In ali e;a"" o A
= AV, Fye

13]’f LU 1% l

Ex.: The par abnla Wlth @qlmtl{m y‘ﬁ = 2% [

We hflw V({) O), [ }lx

O 1 3

2
. :tﬁ_ = 46

X

b +2

0

;], is open to'the riii'g};'hi:.

e “The y- ams is anraxis of symmetry when the parabols is conc ave upwards or downwards.
an' a%is of symmetry when the parabola is concaye to the right or to the left.

~ The axis of xymmetry pasae‘» thmugh the vertex 'V, the focus F and is pe rpendic ular 1o the
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1. For each of the following parabolas with vertex V(0, 0}, determine

1. the concavity. 2. the coordinates of the focus. 3. the equation of the directrix.

a) x* =6y b} «% = -4y ¢) v =-12x d} v =8«
1. Upwards 1. Bownwards 1. Totheleft 1. Fotheright
2. HO;1.5) 2. HO,-1) 2. Fe3,0) 2. HZ, 9
3. y=-i5 3. vy=1 3. x=8 3. x=-2
#. A parabola with vertex V{0, 0), open to the left, passes through point A(~5, =5). What is its
equation? v? = -5x

2. A parabola with vertex V{0, 0}, passes through point Al4, 4). What is its equation if the
parabola is

&) open upwards’ x? =4y b} open to the right? V2 = 4x

« Complete the following table knowing that each parabola has vertex V(0, 0).

Equation of Fecus Eugation of Eguation of the A point on

the parabola the divectriz axks of synamelry the parabols

x? = By F(-1.5, 0) y=15 x=0 A(6, -6)
yZ = 8x F(2,0) X = =2 y=0 A 2,-4)
X2 = 2y P{o,mz%; y=—~% x=0 A4, 8)
g Fl-4.0) x=1 v=20 A(-1, 1)

B. Consider the parabola ® with equation: 2 = 4x and the line [ with
equation: 2x +vy — 4 = ().

a} Determine algebraically the intersection points of parabola %
and line /.
{yz =dx = (-2x+4)2=4x;4x? - 20x+ 16 =0
v=—2x+4 A(l, 2}); B(4, -4)

b} Represent the parabola and line ! in the Cartesian plane and
verify the answers found in a).

VD! ?afaimla with vertex ¥ih, k)

COﬂbldCI‘ tht(par‘abola P with vertex 0, 0), equatlon ¥t = 4y, EOL%,%
F(0, 1) and directrix l: y = ~1.

a) We apply to parabola @, its focus I and its directrix [, the
translation t defined by r: (x, ) = (x + 2,y -+ 3).

Draw the parabola %', image of parabola %, the image F' of the
focus F and the image I of the directrix [,
b} What s, for parabola %’

1. its focus? F' 2. itsdirectrix? !
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¢} Determine

1. the coordinates of the vertex V of parabola .
2. the coordinates of the focus ' of parabola 9. _
3. the equation of the directrix [’ of parabola %",
4. the equation of the axis of symmetry of %',

VizZ, 3}

F{Z, 4)

y=2

x w2

d) Deduce the equation {in the standard form) of parabola % from the equation of parabola .
(x+ 2P =4 (y+3)

We have the

following four situations:

Concave upwards

Concave downwards

VA
th+d
mmmmmmmmmmmmmmmmmmm ViR
Lyv=k-c
0 x

(x — h)? = 4cly — k)

(x — h)? = ~dely — k)

Concave to the right

Concave to the left

Ya

R¥

VA ;
4
I
|
:
Fih - B
i
1
! )
il } x
f
i
]
l:%x:h+c

(y — k)* = ~dc(x — k)
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&. Complete the following table.

Eguation Parameter Comcavity Coprdinates Lonrdinates Eguation of
of the parabeis P % the vertsn of the fotus the dlyectriy
{4 3)2 = d(y ~ 1) i Upwards V-3, 1) F(-3, 2) v=0
{y -2 = 2{x+ 1) - To the right V(-1, 2) F{—“EI;, 2] x=32
(x + 1) = ~4{y + 3) i Downwards | V(-1, -3) F-1, ~4) v=-2
(y+2)2=-2(x - 1) —;— To the ieft v, -2) F[én, —2} x = %
7. Complete the following table.
Egiation Farameter Loncawity Coordinatas {oordinades Eguation of
of the parabola ¢ of the yertex ot the Focus the directyix
{x ~ I = ~6{y + 2) % Downwards § V(1, -2} F{E :53] v= ::,,;I“
(x + 1% = 4(y - 3} i Upwards V(-1, 3) F(-1. 4) y=2
fv=-202 =-Z{x+ 1) % To the left V(m}., 2) F‘(—"—%,ZJ x*%}
2 , 7 I
(v + 3)2 = 6{x~2) Z To the right ViZ, ~1) F[E’ -—}J X == E

B. Determine the equation of the parabola in each of the following cases.
(x~ 1) =4y - 3)

a} The parabola has focus F(1, 4) and directrix [: y = 2.

b) The parabola has vertex V(~1, 2), is open to the right and passes through point A(3, 6).
{y-2F =4x+ 1)

¢} The parabola has vertex V(1, 3}, is open downwards and passes through point A(3, 1).

(x - 1) =

~2(y - 3)

8. In cach of the following cases,

1. draw the parabola.
&) (x+ 2 il 1)

vE
o il
VARETR: N a—
x | -5 | -4 | -2 1
y [-1.25 0 1 0 i-1.25

348
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2. locate the focus F
b) (y 1 = -2(x -

3. draw the directrix L

3)

| oH2s
%
fx=235
X I 2.5 3
5 s By 7}
¥ 3.5 3 2 1
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3.8

a} Consider the paraboia w1th equation (Standarc form) (x ----- 1) = 2(v + 2). Expand this equation
in order to write it in the form y = ax? + bx + ¢ called general form.

1, 3
y—zx P o ]

b} A parabola has equation {general form):y = 2x? — 4x + 1.
1. Justify the steps allowing us to write the equation in the standard form.

Siens Justifications
y =247 — 4x + 1
[ B2 y = 2(%2 - Zx) -+ 1 We factorize the first 2 terms of the trinomial.
2o Y= Z(x?" — 2% 4 1) +1 -2 We complete the trinomial io obtain a perfect square.
3¢y = 2(’.\? — 3)2 - 1 We factorize the perfect square trinomial.
41 (x — })2 mz w1—~(y -+ 1) We isolate (x - 1}? to obtain the standard form.

2. Determine the coordinates of the vertex V, the coordinates of the focus F and the equation
of the directrix [ of this parabola.

w1, -1); F [1 -_} y=2

GENERAE %@i}m’iﬁ?@ G§ ?HE Pﬂﬁﬂ%@l@

s | _ p-mdmgm thf equation (x4 k) = '46( k) {)f a para?)oid open’ upwards or “the, equation
Cx k= "~~4c(v ----- i) of a pamb 1"' opn n dnwnwards we obtain the 8¢ ne ml i’m‘m

e S—— (Aw ())

# Bye %ﬁlimfzﬂg the equation (y — k)* = de(x - h) of parabnb open tothe t“l”hi o1 t?w “equation
v — ke Aelx h ol ap: srabola opt n m tht ]oft we obtain the gencra imm

A*Ay +By+C (A +# {J)
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= Write the equations of the following parabolas in the feneral form ‘

a) (-1 =2l 1) 2T b) G+ =D ”"g“*

Q (y+3p=34) 75 IO d) (v- 2)2::lx+2) x = -2 + 8y - 10
T 1. Write the equations of the following parabolas in the standard form.

a} y=o2}2x+3  xrIP=(y-2) b) x=v>-Gy+ 10 __ W-3F=(-1)

€} y=— s+ det 6 (2P =y~ 10) dj xey? — 2y 41 (W IP=-x-2)

% 2. Determine the coordinates of the focus F and the equation of the directrix ! of the tollowing
parabolas.

T R4 [ (A

b) x= ¥y —y-1; =20 =46+ 2); P, 2)ilix =3

T 3. Represent the solution set of the following inequalities in the Cartesian plane.

) (-2P=4b-1) b o EE2 1) 9 (-1 < Al 3)
y A : . v - kY < .
£, =t #ga)
\\ f,-’f

T4, For each of the following regions, determine the inequality that defines it.

a} Y by vi c) ' Ly

o . P
P

{x = 1P < wdfy -2) v = -2(x~ 3) v > d{x + 2)

T%. Consider the parabola & with vertex V(-2, 1) and
focus F(:Zi, I) and the line [ passing through points
A(2,1) and B(4, 3).

a) Find the intersection points Cand D of parabola
% and line [. (0, -1}, (6, 5)

Peify-1fF =2(x+ 25 l:y=x-1
b) Draw parabola % and line [ and verify the results found

in aj.
¢} Consider the closed region Y& whose boundary is .
g ine
parabola % and line L. {(y 12 < 2(x i 2)
Describe region % using a system of inequalities.  [y=x-1
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16. Consider the hyperbola 3 with equation: x? ~ y* = 1 and the [~ . v .
parabola 9P with equation: x + 1 :yz‘ B D

a} Find the intersection points of the hyperbola and the
parabola,
efxrl}slaxlex-2=0cx=-lorx=2

There are 3 intersection points.

A(-1,0), B(2,-+3), C(2,43)

b} Represent, in the Cartesian plane, the region defined by the

system {x? 2 =]
x+ 1=yl -

T 7. In each of the following cases, represent the region defined by the system.

a) {xzw&y2$3 by |vi=-2(x-2) O [x—1=2ly2
¥ = 2x 4% 4+ 9y? —36 <0 ] , Zi]
Xt —yt =
2 . N

Via

€. Consider the circle ‘€ and the parabola % on the right. The vertex of
the parabola is the centre w(1, 2} of the circle. The points A{4, 6) and
B(4, -6) are the intersection points of the circle and the parabola.
Describe, using a system, the shaded region.

(y-1)2+(v-2)2 <25

(v-20 <22(x-1)

9. The parabola on the right, open to the right with vertex V(-2 1)
crosses the x-axis at point A(=1, 0).
Calculate the distance traveled by a light ray going from point /
o o S s g o
P(6, 3) in a direction parallel to the x-axis, hitting the parabola
at point | and reflected at the focus F
Parabola: (v - I =x+2;: ¢ =»§; F[-—%, 1] .

2, 3): mPl =4 u; miF = % u ; distance traveled = 8.25 u.

© Guérin, editeur ltée 7.% Parabola 351




1./ Find the equation in the standard form of each of the following conics.

x2 ¥ 1
a} FEllipse with foci F (-8, 0) and F,(8, 0) whose major axis measures 20 units. 100 ~ 36~

b} Hyperbola with foci F, (=10, 0) and F,{10, 0) whose transverse axis has a length of 12 units.

xZ yz

36 64
¢} Circle centred at 0(0, 0) passing through A(-2, 3). _** +3? = 13
d} Parabola with vertex V{0, 0) and focus F(0, -3). x* =12y

2./ For each of the conics defined by the following equations, describe the conic by giving:
— for a circle, the centre and the radius,
— tor an ellipse, the coordinates of its foci and its vertices,
— for a hyperbola, the coordinates of its foci, its vertices and the equations of the asymptotes,
~ for a parabola, the coordinates of its vertex, its focus and the equation of the directrix.

a) x> +y° —5=10. Circle of radius /5 with cenire 0(0,0)

b} x% 4+ 4y — 16 =0,

é‘% + é’g = §; Elfipse centred at the origin; vertices: (-4, 0}, (4, 0), (0, ~2), {0, 2);

Foui: (<12, 0) and (12, 0]
¢} 4x? - 9y — 36 = 0.

2 92

Lg- - = 1; Hyperbola centred at the origin; vertices: (-3, &}, (3, 0};

d) v+ 2x -2y 4+ 7=0.
(v- 1) =-2(x + 3); Parabola with vertex (-3, 1} open to the left;

ocus: |~2. I and directrix: x = —é.
27 2

‘Z. In each of the following cases, name the geometric locus and give its equation.
a) Set of points M(x, v) located at a distance of 3 units from the origin. _Circle: 32 + y2 = 9.

b} Set of points M(x, y) whose distances from the point (-1, 2) and the line with equation
x = 3 are equal. _ Parabola: {y - 2)% = -&(x - 1).

¢} Set of points M(x, y} such that the absolute value of the difference of the distances from
point M to points (-5, ) and {5, 0) is equal to 8 units.

S
Hyperbola: 35T 5 I

d} Setof points M(x, v} such that the sum of the distances from point M to points (0, -4} and
(0, 4) is equal to 10 units.

ipse: o4 Yo u
Ellipse: 5 +25m1- ‘‘‘‘‘ .
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4.

The ellipse centred at the origin on the right has a major axis ¥
measuring 10 units and a minor axis measuring 8 units.

The vertex of the parabola on the right coincides with one of the A? b
- LI

vertices of the ellipse and its directrix passes through one of the foci |----
of the ellipse.

to the horizontal minor axis of the ellipse.

Calculate the area of rectangle ABCD if line segment BC corresponds B \\ﬂ// C X

Ellipse: —JE+ il = I; Parabola: x% = 8y - 5)

B(-4, 6); Ci4, 0); Al-4, 7); D(4, 7).
Area of rectangle ABCD = 56 u?,

Consider the circle centred at 0 passing through point A(-4, 3) and
the rectangle ABCD whose sides are parallel to the axes. Consider the
hyperbola # whose transverse axis is on the x-axis, whose vertices are
points E and G and whose foci are points § and Q and the hyperbola
&’ whose transverse axis is on the y-axis, whose vertices are points F
and H and whose foci are points P and R.

a} Determine the system of inequalities representing the shaded

region.
- xz yz
2 2 G-y =1
}f..-’f__._._g’l__j’j(f X ...Ew_...’ 16 g
16 ¢ is 9 x* ¥y
16 9

b} What can be said about the supports of the diagonals of rectangle ABCD. Justify your

answer.

AC:y= —%x (shared asymptote for hyperbolas i and %)

By = %x (shared asympiote for hyperbolas # and ¥')

A circle 6 centred at w(-1, 2) passes through point A(2, 6). Find the equation of the line [
tangent to the circle at point P(3, -1).

Gl 1P+ (y-20 =25; Ly=2x-5

Circle ‘€ centred at w(4, 3) on the right is tangent to line [ with
equation: 4x + 3y + 25 = 0.

a}) Find the equation of circle €.
4x4+3x3+25 50

<

?‘=dfu},l)= I 5 = 14
G:fx - 4)2 + (v~ 32 = 100 \_/ x
b} Find the coordinates of the point of tangency P. N

P-4, ~-3)

© Guérin, éditeur ltée 7.6 Problems on conics  35%




. Consider triangle ABC having vertices A(=5, 10), B(-7, -4} and C(9, 8).
Find the equation of the circumscribed circle of triangle ARC.
Recall that: The circumscribed circle’s centre is the intersection point of the perpendicular

bisectors of the sides of the triangle

I, {perpendicular bisector of AB): Yo lx + A3 ;i 1y (perpendicular bisector of AC): y=dx-5;

w (centre of circumscribed cirvcle} = (I, 2); radius of circumscribed circle = d{.s, A) = 106

Circumscribed circle: (x - 1P + (v - 2} = 100,

€. What is the intersection point of the directrices of parabolas
Py — 132 =80+ yand Py (x + 3)2 = 4(y + 2)7?
Li:x=1;1,:y=~3 thus the intersection point is P(1, -3}

The difference between the radii of two concentric circles is 3 cm.

If the equation of the larger circle is: x* + y* + 6x ~ 4y — 36 = 0, determine the equation of
the smaller circle.

Large circle: (x + 3 + (y ~ 2§ = 49; small civele: {x + 3)% + (v- 2)% = 16

4. The major and the minor axes of the ellipse centred at Vi

the origin shown on the right measure 10 and 6 units
respectively. C
A circle of radius 2 units centred at one of the foci of the

K

ellipse was drawn.
Determine the length of the chord CD knowing that
CD L AA,.

Ellipse : % + -5—’; = 1; Focus: F(4, 0); Circle: (x ~4F + v* = 4

C(5,43);D(5,-J3); mCD = 243

T2. The asymptotes of the hyperbola centred at the origin E
shown on the right are the lines with equations: y = x and
vy = ~x. [ts transverse axis measures 12 units. The circle on

the right, of radius 8 units and centred at the origin, P (5477, JT7)

intersects the hyperbola at four points P, Q, R and S.

Calculate the area of rectangle PQRS. 4 ~
Hyperbola: x2 - y2 = 36. Circle: X + v¥ = 64

P(54Z, 414 ); Q(54Z, -Td); B(-54Z, - JTd); 0(5+42, ~T4)
$(-542, {14 ); mPQ = 214 ; mRQ = 1047 ; \\
Area PQRS = 4047 u?

w,/

=

&, The major and the minor axes of the ellipse on the right

measure 10 units and 6 units respectively. Calculate the area of
the right triangle PQR inscribed inside the ellipse knowing that
the side PQ passes through one of the foci of the ellipse.

xt v
Ellipse: 25+ S = 1; (4, 0): P( 5]

ST~

ola, 22} -4, 2, mPQ = 8 mRQ = 8; Area APQR = 38 = 7.2 2
5 shm
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T4. On the figure on the right, the circle centred at the origin
passes through the vertex V of the parabola and the ellipse
passes through its focus F The minor axis B, B, of the ellipse is
a diameter for the circle,

It the equation of the parabola is x* = 4{y — 3}, describe the
shaded region using a system of inequalities.
WO, 3); Fr0, 4); Circle: x* +y? = 9

)

IS
>{\
= .

9 X
. 4 2 =0
. xz 2 X< + y =
Ei!zpse:?+§?=1. v
9 e
In an elliptical shaped pool, two points P and Q on the side v

of this pool are joined by a cable. This cable passes through
a focus of the ellipse and is perpendicular to its major axis.

Knowing that the major axis and the minor axis measure
200 m and 160 m respectively, calculate the length of the
cable when it is stretched. §

* = 1; K60, 0); P(60, 64); Q(60, ~64):

Y

inse s o 4 Yo
Ellipse : 7002 + R07

mPQ = 128 m.

been shaded. |
Knowing that one of the asymptotes of the hyperbola passes (4,3}
through point (4, 3) and that the distance between the
vertices of the hyperbola is equal to 6 units, describe the
shaded region using an inequality. > >

N

Determine the equation of each of the parabolas whose vertex and focus are respectively the
foci of the ellipse.
Parabola: vertex F (-3, 0} and focus F (3, 0); (x + 3) = 24 y*

-y
F
1
T6. The interior region of a hyperbola centred at the origin has - ] //

x_z._ﬁﬁ-l
16 .92

2 2
T 7. Consider an ellipse centred at the origin with equation: 2=+ =1,
P & 9 25 16

Parabola: vertex F, (3, 0) and focus Fyf=3, 6); {x-3}=-24,7
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T Evaluati

T. Incach of the following cases, name the geometric locus and give its equation.

a] The setof points Mix, v located at a distance of 3 uniws from the origin,

Circle: 5% 1+ ¢% = B,

b} The set of points M{x, v whose distances from the point (-2, 1) and the line with

equation x = 2 are equal.  Parabola: {y - 1) = -8x

e} The set of points M(x, vi such that the sum of the distances from point Mix, v) to the

woints (0, =371 and (0, 37 is equal to 10;
I : D |
Flipse: jz+ 25 ! . e — e

dj The setof points Mlx, v such thar the absolute value of the difference of the distances

to the points {0, = 10) and (0, 10} is equal to 12,

Hyperbolo 61 %6 3

e} The set ol points Mix, v) whose distances from the point (3, —~4) and the line
7 are equal.  Parabola: (x - 3F = -12(y + 4).

| v 4

&. For cach of the conics defined by the tollowing equations, describe the conic by givirg
' — for a circle, the centre and the radius,
-~ tor an ellipse, the coordinates of its foci and its vertices,
for a hyperbola, the coordinates of its foci, its vertices and the equations of the

asvraptotes,

— tor a parabola, the coordinates of its vertex, its focus and the equation of its directrix.

), Parebola with veriex (1, 3) open to the right, focus F{(3, 3},

E}) S Y\; == 1 Circle of radius J§ centred ai O(0, O).

c) '{2 - 4“/’2 A

asywiptofes: y = %x and y = - % % .

d} Gyd o 25v¢ o 278 = (0 Ellipse with _z’;erj_tices {5, 0}, (5, 0_};,_(0? ~3} and (3, 3}
and focoi (~4, O} arnd (4, O}

H. Give the equation of each of the following conics. ,
- TIPS . . . . L T
a} Ellipse with foci F {0, =12} and F,(0, 12} and minor axis equal to 10 units. 25 __169

b} Hyperbola with foci F {0, ~13} and F,{0), 13) and transverse axis equal to 10 units.

x? ‘)z i
m. ) Mé"g" ""' e

¢j Circle centred at the origin and passing through point A(-2, 4}, «% + % =20
d} Parabola with vertex V-3, 2) whose directrix is the line with equation x = -6,
(v~ 2F = 12{x + 3)

TR —
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@. A circle € centred at the origin s tangent to the line [ 3x 2";-" — 13 =0
L Mi .
o e A0 - Ji5 e, = 13.
a} Find the equation of the circle
B Find the coordinates of the point of tangency A A‘ﬂ -2}
5. Consider the hyperbols ff ‘mth equation: x* — v = 1 and the Y
circle 6 with equation: x* ¢ v = 5.
a} Find the intersection points of hyperbola A and cirele B
(7. . |7 JF 1, VZ, ), 15, 5] i
b} Represent hyperbola Y and circle € in the Cartesian plane. ; ’
¢} Colour, in the Cartesian plane, the region defined by the ~
systen: JI{
R
Represent the following regions in the Cartesian plane.
: BY x — 4y 4 4= 0 € A eyl o4 =0
VE 7
; .
¥ _ x Q) ¥
@) {x‘“—hﬁiy L 4=0 L (VS PR
, 2
gy —4=0 | 2
¥ 2 — y2 =]
' SR & %x &
i
l //g'/,% § %y ; ;
7. The roof of a tunnel is shaped like a half-ellipse. If traffic is not
allowed at a distance of 3 m from the edges of the tunnel 12m
determine, to the nearest unit, the maximum height allowed for
a vehicle @nteriﬂg this tunnel. i Ers
Eliipse: 72 + ¥ 5 7m a2 m

Evaluation 7
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set of natural numbers

set of nonnegative natural numbers
set of integers

set of nonnegative integers
set of nonpositive integers
set of rational numbers

set of irrational numbers
set of real numbers
belongs to

is a subset of

does not belong to

is not a subset of

is equal to

1

is approximately equal to

H

is not equal to
is less than

VoA

is greater than
is less than or equal to

i

kY

is greater than or equal to
for all x

logically implies

is logically equivalent

=

=
<

closed interval
left-closed and right-open interval
left-open and right-closed interval

=

S
ey

& R
K
e

s

open interval

left-unbounded and right-closed interval
left-unbounded and right-open interval
left-closed and right-unbounded interval
left-open and right-unbounded interval
empty set

gm_—.a—-!a-;-wlwl—‘
3
=

nh root of real number a
discriminant

Set of solutions

line AB

line segment AR

measure of line segment AB
is congruent to

angle AOB

measure of angle AOB

is perpendicular to
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arcsin
a4rccos
arctan
Sin
Cos

Tan

R s
AB
AB)
AB

-

Mathematics 3000

is parallel to

triangle ABC
coordonates of point M
is similar to

inverse of relation R
image of x by function
domain of a function f
range of function a f
maxirmum of a function f
minimum of a function f
composition of fby g
absolute value of
greatest integer of a
logarithm in base ¢
logarithm in base 10
logarithm in base e

sine of angle A

cosine of angle A
tangent of angle A
secant of angle A
cosecant of angle A
cotangent of angle A
degree

gradian

radian

trigonomietric point
period

frequency

arcsine

arccosine

arctangent

principal sine

principal cosine
principal tangent
vector _/S:g

norm of vector AB

7er0 vector

orientation of vector AB

scalar product of two vectors # and ¥

orthogonal projection of vector % onto vector ¥
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Absolute value
absolute value equations 86
absolute value inequalities 87
absolute value of a real
number 85
properties 86
Absolute value function
absolute value function 80
basic 88
finding the rule 97
graph of 92
study of 94
Amplitude 213
Arc of circle
length of 195
Arccosine function 257
Arcsine function 256
Arctangent function 258
Axis
cosine 202
sine 202
tangent 208

orthogonal 292
orthonormal 292
vector 291

Circle
circle centred at the origin 323
circle not centred at the
origin 324
equation of a circle (general
form) 326
equation of a circle (standard
form) 324
fine tangent to a circle 328

Chliasles’ relation 278
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Cosine function
basic 226
cosine function 229, 233
finding the rule 235
finding the zeros 231
principal 257

Cyde 211

Eilipse
ellipse centred at the origin 331
equation of an ellipse 331
focal distance 331
foci of an ellipse 331
vertices of an ellipse 331

Eguation
exponential 149, 162 183
first degree one-variable
equation 30
first degree two-variable
equation 31
logarithmic 168, 180, 181
trigonometric 214, 228, 239, 240

Exponential function
basic 139
exponential function 148, 151
graph of 151
inverse of 158
rule of 154, 156,173

?:

Factoring
by grouping 19
by removing a common factor 19
difference of two squares 19
discriminant method 22
method of completing the
square 21
perfect square trinomials 19
product and sum 19

Frequency 211

index
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Functions E
Cartesian graph 64 '
composition of 73
congtant 78
domain 66
extremum 66 i

function 46
graph 65 Law of exponents 5

Line segment
dividing point 300
midpoint of 299

Inequalities
first degree one-variable 33
first degree two-variable 34

image 66
increasing and decreasing 66
initial value 66
inverse of 70,72 Locus
linear 80 equation of geometric locus 322
range 66 geometric 322
mapping diagram 64 Logarithms
maximum 66 change of base law 179
minimum 66 definition 159
operation between 76 properties 174,176
polynomial 77 Logarithmic function
quadratic 83 basic 158
sign 66 graph of 170
variation 66 inverse of 173
y-intercept 66 jogarithmic function 165,170
zero 78
zeros of 66
e Numbers
irrational 4
Greatest integer function rational 4
basic 113 real 4
graph of 114 _
greatest integer function 114

study of 114 Optimization
solving an optimization
problem 54

Hyperbola

drawing the hyperbola 338

equation of a hyperbola 337 23

focal distance 337 '

foci 337 Parabola

hyperbola centred at the directrix 345

origin 337 foci 345

vertices 337 general equation 349
parabola with vertex V(0, 0) 345
parabola with vertex V(h, k) 347

Orthogonal projection 308, 309
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Period 205,211
Periodic funciion
Phase shift
Piecewise function
Power

of an irrational number 13
of a rational number 172

Polygon of constraints
pelygon of constraints 44
vertices 45

Rational function
basic 120
finding the rule 125
general form 129
graph of 122
inverse of 127
rational function 122
standard form 122
study of 124

Root
nth 11
square 14
Radians 194

Radicand
reclucing a 15

Radicals

properties of 14
Rationalizing the denominator 17
S
Scalar

scalar 268

scalar product 302, 304,305
Scanning line 50

Square root function
basic 100
finding the rule 109
graph of 105
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inverse of 111
study of 105
square root function 102

Sine function
basic 212
finding the rule 224
tinding the zeros 220
principal 256
sine function 218,221
System
binary 8
decimal 8
System of equations
solution: addition method 39
solution: comparison method 39
solution: graphical method 38
solution: substitution method 39
System of inequalities
solution set 42
system of inequalities 42

T

Tangent function
hasic 237
principal 258
tangent function 241
Trigonometric point
Cartesian coordinates of a 202
locating a 200
periodicity of 205
properties of 204
remarkable trigonometric
points 206
trigonometric point 199
Trigonometry
addition formula 252
complementary angle
tormula 254
double-angle formula 252
identities 244
opposite angle formula 250
remarkable angles 192

Index
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supplementary angle formula 253 Vectors (geometric)
trigonometric angle 197 addition of 276, 280
trigonometric point 199 comparison of 273
trigonometric ratios 190 definition of 270
trigonometric circle 199 direction 270

geometric vector 268, 270
inear combination of 289
multiplication by a real
number 285, 287

norm of 270

orthogonal projection of 308, 308
representative of 275
subtraction of 280

unit vector 271

Vectors (algebraic)
algebraic vectors 293
calculating the components 294
components of 293
equality of 293
norm of 295
operations between 297
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22

Discriminant theorem

Basic trigonometric identities 244

Chasles’ relation 278

Sine law, cosine law 282

Median theorem 311

Triangle midpoint thecrem 311

Parallelogram theorem 312

Quadrilateral midpoint theorem 312

Parallelogram diagonals theorem 313

Theorem on the angle inseribed in a half-circle 314

Triangle centre of gravity theorem 314
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