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EvaLuATION 4







T. We are looking for the exponent x such that 7% = 5.
aj Find an approximation of x, to the nearest tenth, by estimating, %= 4.3

By 1. What is the exact value of x x=log, 5 . o

2. Use a caleulator to approximate o the nearest thousandth the exact value of x
x = 2327

"“‘\

ﬁw A herd presently consists of 7 elephants. This herd doubles every & vear
T many vears w ill this herd contain 160 ele sphants?
After 23 years

. Abter ht)“&f

ol

’{‘ma e p(‘r year. [)L TOTTHine ‘ihv acc Llfﬂllluf{ d ‘,,‘szt..ﬂu
FO00E + G.{}J}E(} = $1628.89

&. A ball bounces = the height of its previous bounce. The ball is dropped from a 25 m
high building. What height does the ball reach on the sixth bounce?
P17 m

=AUl grocery cart for 4 people prcs(*]tly costs ‘1317‘% Iftho rate uf inf]czf'ion re mm’m
copstant at 3.6% over the next 10

An 7 years

B R'i;ﬁmﬁ"li » pays $24 000 for a new car. Two years later, its value is evaluated at
U313 5000 After how many vears will the car be worth $56957
After 5 veqrs

On January 1st 2000, a village had a population of 1500 residents: On January 1st
2007, this same \ﬁ]iﬁg,n had a population of 1050 residents, I the rate of decay remains
constant, in what year will the population of this village reach 800 resi idents?

1500 ¢ ¢7 = 1050; ¢ = 0.95; 1500(0.95) = 800; t = 12,26, In 2012,

3» The value of 2 house, bought for $150 000, has increased at a constant rate of 8% per
T year since its purchase. Flow long after its purchase will this house be worth more
than $250 0007 —_—
I50 O00G(1.08F > 250 000; ¢ > 6.64. Ir will take at least 6.64 vears.

w
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asic exponential function

ACTIYTY | Exponential gromth

The number of cells in a controlled environment doubles every day. Initially (x = 0}, x ¥
we observed one million cells. 51 025
a} Complete the table of values for the function that gives the number y of cells -1 0.5

(in millions) as a function of the number x of elapsed days since the beginning 0 1

of the experiment. : P

b} What is the rule of this function? _¥ =2 5 a

¢} How many cells are observed 3 8

1. 5 days after the beginning? 32 mifion 2. 3 days prior to the beginning? 125000

d} The number of cells grows rapidly. The growth is said to be exponential. At what moment do
we ohserve
1. 128 million cells? _ 7 days after the beginning

2. 672500 cells? 4 days prior to the beginning

Consider the functions flx) = 2% and g(x) = % where x € R.
a) Comnplete the corresponding table of values for each function.
1. x 2f-1f 01213
i
Yo i 3 z i 2 4 8
2. x 2f-1j0p 1123
1y 1§ 1} 1
vm[g] a2 1| z1%l%
b} Graph cach function in the Cartesian plane.

¢} Comnplete the table below which gives the properties of these two functions.

flx) = 2 fix) = (27
Dom f [ R
Ran f R R
Zero none none
Initial value i 1
f=0over [ i
f<0over never never
{7 over 24 never
fw over never R
Fxtrema none none
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We observe that each of the curves representing these functions gets closer and closer to the x axis
without ever touching it.

We say that the x-axis is an asympiote o the curve or that the curve is asymptotic to the x-axis.

| Tﬁe funcuon fx) = ¢ where ¢ is a positive real mzmber dxif@rent from 1,is galled the basic

: 10 and-e.

exponential function in base ¢

This function describes situations of exponential growth or decay, depending on the base
being gréater or less than 1.

> D<ol

yx
Increasing function Decreasing function

Regardless of the base, we have:

~ dom f=R and ran f = R%.

— Theinitial value is equal to 1 (¥ = 1),
~ The function has no zero.

~ The function i positive over R.

= The'x-axis is an asymptote to the curve. F1 41 +1

When the independent variable x increases by 1 unit, the [ T T o T 1T 5Ts
dependent variable y.is multiplied by: the muEﬂphmhvv e P
factor ¢ (basic -exponential function). e;aﬂed periodic yoibpejee
multiplicative factor: . _ R e

The most. commion bases of the exporential fum_tlon aré the mtmbcrs N R T

¢ is.an irrational number occurring in phenomena re lated to. phisics,
b1010;,y, probability, ...

e—=2.71828. .

Given the exponential function f{x) = ¢*. Explain why

a} the base ¢ is different from | fx)=1=1 The curve f{x} is a horizontal line that cennot

describe a situation involving exponential growth or decay.

b} the base ¢ is different from (0, _f{x) = 0% = G (x + 0}, same reason as a)
1

¢} the base ¢ cannot be negative, _ " is not always defined when ¢ < 0. Ex.: (-4)? = /-4 ¢ I
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~®s For cach of the following exponential functions,

1. determine the base. > indicate if the function is increasing or decreasing.

4Y 4, increasin 47 1, decreasing
a) flx)= [5} B A g by = Zlg} IR At ang

__I__ . 2\”95 :31" . -
O fi) 2w Eidecreasing ) fig)=|3) _ zrimereacie -
. 2
o )= e 9 inenesin iy foo 2]} reeasns
st e araa e et S — el 4 et e

3. In each of the following cases, the point A belongs to the graph of an exponential function
defined by the rule y = ¢*. Determine the rule of each function.

= X . = 53X = {E 4
a) Az 20T ey A2 LA RS | it
_ & x : _ ; gm x
PIVEIFERLTSNN U IR BT e -
372 274 2027
&. The point A[m%, %} belongs to the graph of an exponential function defined by the rule y = ¢©
9\% _16
a} A point B on this graph has an x-coordinate of 2, What is its y-coordinate? ,lﬁl_:@lﬁ)
b} A point C on this graph has a y-coordinate of —g What is its x-coordinate? __ "1
3. On the right, we have represented the exponential @ oy B

functions defined by the rules:

RN 1 CUUUDVRRN £ A SV A U A
y“ziy”[z}’y“ﬁ’y“{zj'y“bl’y”[z:]‘

a) Associate each curve to its equation.
X

SR
4 v=3 5 y=2 6.N,_!{j%]_‘ﬁﬂ_ .......

k) Of the three increasing exponential functions, which
one increases the fastest? Justify your answer. e
y = 3% It is the one with the biggest base. e

t : - o
X

€}  Of the three decreasing exponential functions, which one decreases the fastest? Tustify
JOUr answer.
p= [é] . It is the one with the smallest base.

6. The functions flx) = 2% and g(x) = [“]i]xarc represented on the right.
@&}  Verify that fi2) = g(-2). R T Al R —
k>3 1. Show that flx) = g(-x) for any real number x.
al-x) = [{;} - 25— f(x).VxcR

) What can be deduced from the curves of the exponential
functions representing the functions f and g7

The curves are symmetrical about theyaxis, . .
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Exponential function

7Y 1| Emonential function f(x) = ac - Role of parametera

Aeirv

a} Consider the basic exponential function flx) = 2% and the ' Y
transformed exponential function g(x) = a(2)". ' :

Represent, in the same Cartesian plane, the functions g, (x) = 2(27,
g(x) = %('Z)X and g,(x) = -2 and explain how to deduce the graph _—// 4
of g(x) from the graph of f{x) when < ;_/J_‘,,f

1. a>1: By a vertical stretch.

2. 0 < a<1: Byavertical reduction.

3.og =~} By a reflection about the x-axis.

b} From the graph of v = 2%, we get the graph of y = a{2)* by the transformation
(x,y) — _(xay)

¢} The accumnulated value ¢{r) after ¢ years of an invested capital a at an interest rate i compounded
anmually is calculated using the rule:

() =a(l+i)

A capital of $1000 is invested in a bank at an interest rate of 8% compounded p e
annually. Y
. . 0 ¢ 1000
1. Complete the table of values which associates the number ¢ of years to the Tos
accumulated capital (7). 1 )80
. . . . 2 11166.40
2. What is the rule of this exponential function? cft) = 1000(1.08) T V17070
What is the base of the exponential function? 1.08 : .

4. Determine and interpret the role of the parameter a.
a = 1000. a represents the initial capital (¢ = 0), ¢(0) = a = $10600.
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EX? Nﬁﬁ@’ﬁ&i wmmm ) = ac’— E@@Eﬁ OF P&@ﬁiﬁﬁm L

“ rhe cxp{mentlal curve undergoes a vertical sireteh whvn the absolute Valm‘ of parameter a
increascs.

¢ The parameter a corresponds to the initial value of the function,

O<ec<l

¢ The horizontal scale change (x,v) — (x, ay) transforms the graph of y = ¢ into a graph defined
by the-rule y = ac®.

T. Consider the function f{x) = ac*.
a) What is the domain of 7 _®

b} What is the range of f when
1.a>07 __® 2. a<0? R

¢} Does the function f have a zero? __Ne

d) Does the function f have an asymptote? If yes, what is the equation of the asymptote?

Yes, the x-axis with equation v = 0.

e) Indicate if the function is increasing or decreasing when

1. a > 0and ¢ > 1. _increasing 2. a>0and 0 < ¢« 1. ___decreasing

3. a < 0Oandc > 1. decreasing 4. a<0and 0 < ¢ < 1. __ increasing

@. Foreach of the following functions, indicate if
1. the function is positive or negative.
2. the function is increasing or decreasing.

_ afLf _o[3] = Loy _ [1]
al y= —3[4J b}y v= 2[2} €} y= 72(2) dy v=10 5
1. Negative 1. Fositive 1. Negative 1. Positive
2. Increasing 2. Increasing 2. Decreasing 2.  Decreasing
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€ =207 f) y=-2s)" 9) y:[%]ﬁ n ov=-3

1. _Positive 1. _Negative 1. Positive 1. Negative
Z. Decreasing 2. _Increasing 2. Increasing 2. Increasing

Julie invests an amount of $1000 in a bank at an interest rate of 8% compounded annually. The
capital, C(t), accumulated after t months, is given by C(1} = 1000(1.08). What is the
accumulated capital after

a} 3 years? $1259.71 - b} Syears? __$1469.33

A radioactive substance disintegrates over time. [ts mass m (in grams) is expressed as a function
of time ¢ (in years) by the equation m = 10{0.8)", What is the mass of this substance

a) today (t=0)? _10g b} in 2 years? 6.4 g ¢} oneyearago? _ 1250

The value v(t) of a car that depreciates by 20% per year is given by vt} = ?}O(G 80} where v,
represents the initial value of the car and 1 represents the number of years since its purchase.

a) What is the value of a new car 3 years after its purchase if it was bought for $30 000?
$15 360

b} How much did you pay for a car now worth $22 400 two years after its purchase? $35 000

ACTIVITY 2 Exponential function £

a} Consider the basic exponential function f{x) = 2* and the trans-
formed exponential function g{x) = 2%,
Represent, in the same Cartesian plane, the functions g,(x) = 2%, . :
2,(x) = 23" and g,{x) = 2 and explain how to deduce the graphof N\ | // A=
¢x) from the granh of fix) when e N AT

1. b>1: By a horizontal reduction.

LY

2. 0O < b < 1: Byuahorizontal stretch.

3.0b =1 By a reflection about the y-axis.

b} From the graph of y = 2%, we get the graph of y = 2" by the transformation (x, y) — (F’ yj 4

¢} The graph of the exponential function y = 2¥is represented on the
right.

y . . {
1. Draw the graph of the function v = l%}
2. Compare the graph of the function v = E;] and that of the
function y = 2%, found in a). i
They are identical, { ] = {2~y = g

L ow¥

Justify algebraically.
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d) The value ¢(t) of a capital @ accumulated after 1 years invested at an interest rate { compounded
n times per year is calculated according to the rule:

c(ty= a[l + ﬂm

1. We invest §1 at an interest rate of 12% compounded monthly. Establish the rule of the
exponential function which gives the accumulated capital ¢fr). <t} = (1.01)1*

2. What is the base of the exponential function? 1.01

3. Determine and interpret the role of parameter b, _b = 12. The parameter b indicates the

number of times that interest is deposited per year.

ﬁ%?@%ﬁ?ﬁ%ﬁ& FUNCTION /(x} = c** — ROLE OF PARBMETER b -

. W’lu B we increase paraime ter b thc ex:ponentlal curve L:mdm goes & hmmmm} reduction
regardless of its base.

o [fx represents elapsed time, the parameter b corresponds to the number of periods per unit of
time.

C<c<ld

B3l e

' RY

¢ The vertical scale chanige {x, y) — [ir)’] transforms. the. graph of y = ¢¥ into a graph
“defined by the rule y = ¢, , : y

6. Consider the following exponential functions:
* 7
F0 =[] hi = 23] o =2[3

a} What geometric transformation applies

1. the graph of f, onto the graph of f,?

i
The vertical stretch (x, v} — {x, 2y)

2. the graph of f, onto the graph of f3?
The horizontal stretch (x, v} — (Zx, v}

k) Using the geometric transformations established in a), draw
the graphs of the functions f, and f,.
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#. a) Among the four functions represented on the right, identify

1. y=¢ ) 2.y = e @
3.y =¥ @ 4, y=-¢¥ @
b} Complete the table below.
y e &% 3 g o g ¥ v X
Domaln I Y 18 R
fange it iy [ R
Sign Positive Negative Positive Negative
Yariation Inereasing Decreasing @ Decreasing | Increasing

The number of bacteria, in a controlied environment, doubles.on average every , Hirh
15 minutes. Initially, this environment contains one t_h_o;_{sand cells. Consider G .
the function which gives the number N(1) of ¢ells as a function of the number
t of hours elapsed since the beginning. ..~ 0.25 z
a} Complete the table of values on the right. 3'50 4
. 75 8
b} What is the rule of the function? y=2% 1 Py
¢} What is the number of cells after 3 hours? 4096 thousand 3 956

d} After how many hours does this environment contain 1024 thousand
cells? 2 h 20 min

&. Mr. Desmond invests $30 000 in a bank that offers a 4.2% annual interest rate. Using the
formula given in activity 4, determine the accumulated amount Mr. Desmond receives after 5
years if the interest is compounded -

&7«' = Ypsov (/ | =

a) annually. $36 851.90 Joor =7 | !.
b} every 3 months. __ $36 969.84 s /;(«

¢} every 4 months.  $36 956.48 o~ 5 A2 on
d} every 6 months.  $36 929.95 s

e} monthly. $36 996.77 AR

$0. At the birth of his son Raphael, Alex invests $2000 in an education savings bond. This
account’s annual interest of 3.7% is compounded monthly. What will be the accumulated
value of this bond when Raphael turms 20 years old?

$4187.10
W
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a) The basic exponential function y = 2¥is represented on the right..

1. Explain how to deduce the graph of
1 ) y = 2%~ 3 A horizontal translation of 3 units fo the right.

2} y = 2% 1 A horizontal translation of 1 unit to the ieft.

2. By applying the role of parameter & to the critical points [-—E, %]
(0, 1) and {1, 2) of the basic function, graph the functions
l)yzzx—B Z)yzz"‘”!
b} The basic exponential function v = 2%is represented on the right..

1. Explain how to deduce the graph of

Iy y=2-3 A vertical transiation of 3 units downward,

2) yo= 2% 41 A vertical translation of I unit upward.

7

2. By applying the role of parameter k to the critical points {—1 3_},
(0, 1) and (1, 2) of the basic function, graph the functions
1) y=2%-3 2y y=2%41

3. Determine the equation of the asymptote of the function

1) y=28-3 ¥=-3 2) y=2%41

vl

Hj ' }x
T y=20-3

¢} The basic exponential function y = 2* and the transformed
exponential function y = 2¥~3 — 2 are represented on the right.

Complete: The graph of the function y = 2%~ 3 — 2 is obtained from
the graph of the functiony = 2% by a horizontal transiation of 3

_units to the right followed by a vertical translation of 2 units

_downward.
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J"‘Y_/“ Expenemmi ﬁmtia@r& f acb‘x W + k

3 hc basic exponential funalon y = " can be transf or mgd mto an cxponentml fumtjozl of thc form

f(,‘:) _ ach(\ -~ h) . b

. ) . 1Y . . ] .
Consider the exponential functiony = {TZMJ and the exponential functiony = 3 [é”j — 3, each with

the same base %

a) ldentify the parametersa, b, hand k. _@=3, b=2h=1,k=-3

b} The introduction of the parameters a, b, k and k in the rule of the basic exponential function
causes a series of transformations to the g_,raph Complete the description of this process.

1. From the graph y = P“} , we obtain the graph of v = 3 [%J 1

2
by the transformation (x,y) — _ (% 3y}
The parameter g causes o vertical stretch of factor 3. 5

2. From the graphv =3

%} , we obtain the graph of y = 3 [i

x
. o ? y
by the transformation (x, y} — {2 )
The parameter b causes @ horizontal reduction of factor - 1

2x
3. From the graphy = 3[%] , we obtain the graph of

Z(x i)
y=23 1 by the transformation (x,y) — __ *+ 1L 9
p ¥

The parameter h causes _ a horizontal translation of 1 unit
fo the right.

Hx 1)
4. From the graphy = 3{% , we obtain the graph of 4'

y = 3(% — 3 by the transformation (x,y) — _xvy~3)

The parameter b causes  a vertical translation of 3 units

dowmward.

2(95—])
¢} What does the line y = -3 represent for the function v = 3 [%J - 32

The asymptote of the function.
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d} Verify, using the tables of values, that the transformation {le L)
: roov=g y=3 [“ -3

(x,y) — [%{ +h,ay + kJ directly applies the graph of y = {%] : 2)
Hx-1) * ¥ * ¥
onto the graph of v = 3[l] — 3. -1 2 1 ,
Indeed, (~1, 2} becomes {i 3} 0 i T 5
(0, 1} becomes (1, O} and [ } becomes [g “g«} . 2 3 3
Z 2

by the transformation (x, v} — (% + 1, 3y ~ 3] .
@K@@N@N?Qﬁl FUN@ZH@N f

K The grqph of the funchon f(x T DI T deduced from the graph of the basic
exponential function v = ¢ by the transformation

e The exponential function f{x) = ac?® ="  k has the horizontal line y = k as an asymptote.
. ' Y ymp
Fx.: See activity 4. _

{x,y} — [%%«h,aymkk}

9.

12.

13.

148

The following functions have a rule of the form flx) = a(2)0~-" 4 k.
. o asa)
) =32 flx)=2%; filx) =25%3; fi(x) =2+ 3; filx)=-3 (2)2( s,
Com }JLC;L the L;bfic on the lﬂgut by deter- al bt kB fute
mining, for each Tunction, the parameters e
a, b, h and k and by giving the rule of the fi]3]1i0]0] 0y 63y
transformation which enables you to Llilzlofo iy — {% !”J
obtain the graph of the function from the
graph of the basic function f{x} = 2*. Hi1tji11-300 @&y ~ix-3y
L1111 0] 3 (xy) ~(xy+3)
fo §=31 2 1=2|-5]00y) ~(2x-1,-3y-5)
In each of the following cases, a transformation is applied to the basic exponential function

y = 5%

Find the rule of the function whose graph is obtained by the following transformations.

B (ny) = ) 2 B) (x,y) - (c—2,y~3) 92578
3 o ] e D
e} (x,v) — (3x, Zy) y=-25)° f} (x, y) . (25_;_ 1,2y - 1] y =258~ 1 1

Write the rules of the following exponential functions in the form y = ac?™ " 4 L.

a) yng’c“{’ g = 23 - 2) b) yxs?'ﬂ()-+1 y e 52-3) 4 3
ead 4 2x 7 -2ix-2)

¢ y= 5(3)2x+ I y= 5(3}2( el d) y= 3[-;:} -5 v= 3[72”} -
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;,h @ vy ':)__Exg@neméaﬂ equatian - mrm o =¢c¥

a} Justify the steps in solving the equation 3{2)* = 768.

3(2)% = 768
24x — 255  Bivide each side by 3.

s
= 24x .. 28 Write the right side as a power of 2.
o= 4y — 8 Deduce the equality of the exponents,
= x =2 Deduce the value of the unknown x.

b} The number P(t) of bacteria in a controlled environment is given by P(1) = 100(2)%

represents the number of elapsed days since the beginning.
How many days after the beginning do we observe 6400 cells?

where t

I100(2)% = 6400
23 = 64
231 = 26

t = 2. We observe 6400 cells 2 days after the beginning of the experiment.

the logical equivalence:

ONENTIAL EQUATION — FORM ¢=,

e S UuU=v

“When both *qde, of an exponential equation can be writtes as powcrs of the same base, we usé

Establish the solution set S.

Ex.: 5(2)% = 320

1. Isolate the power containing the unknown on one side. 2% = g4
2. Write the equation as powers of the same base. | 2% = 26
3. Make the exponents equal. 3x =6
4. Determine the value of the unknown. x =2
5.

Thus, S = {2}.

%4. Solve the following exponential equations.

a) 3= 243 b) =1 ¢) 2(5) =250
x=25 x = =3 x w3

d) 5% 1 =0 e) 2(5)* — 48 =2 f) 9*—27=0
x =0 x=2 x=“g~

gl 3(4)* ~96 =0 hy Lg) - 16=0 i) 27{g;] _8-0
-1 4 3
-z - x;% X~z
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1B. Determine the zero, if it exists, of the following exponential functions.

. —Z(x+3)
a) v=503)7-2 15 b) ye=2(3)&+2 18 q yZWB{—%J +12
-4 i
x--t x4 1)
2 (572 17
e} ym~4[§] +9 ) y:3{752—] + 5%
-1 No zero

£G. Solve the following exponential equations.

I | 3F {l}xm
a) 227 g b L=27 |3 =16
X =z x =3 X =4
d) 2727 = 64 e} (292 = 16(2) ) 2¢ =16
x =3 x = x =2 orx =2

T%. The growth of a herd of bison follows the rule P{t) =P, x 2i6 where P, represents the initial
population and P{r) the population after ¢ years. In how many years will the bison population
quadruple its initial population?

4P, = Po(z)w PEOR 210 et = 20, After 20 years

5(2)7 = 80 <> g} = 16 « ¢ = 28. After 28 days.

A

B -y - . . . { b
9. A 100 g radioactive mass disintegrates according to the rule m(t) =100 E‘;l;_‘ where m(t) is the
resulting mass after t hours, '
a} Determine after how many hours the resulting mass is equal to 25 g,
b} We call the half-life of a radioactive substance the time necessary for its mass to be reduced

by half by disintegration. What is the half-life of this mass? 4 hours

8 hours

INEO) Sketch @f the graph amﬂ study G‘f an exﬁanenﬁag fssangwn

To sketch the graph of the funcﬂon flx) = aci’ e~ h) fe
1. we draw the horizontal asymptote defined by the equation v = k.
2. we locate, using the rule, 2 points on the exponential curve,
3. we sketch the exponential curve,

a) Sketch the graphs of the following functions.

Z(x—-l) : 1 .
1 fE(X)=2[§) —2 2. folx) =27 4+ 1
y::‘
— :
> e

y=-2 A(l, 0); B(Z, -1.5) AL 0); Bz, -1)
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4. flx) =371 41

| el
rd o vl
1
| D o F o0 -
A1, 3); B(G, 1.5) All, 2}: B(2, 4)

b} Find the zero, when it exists, of the preceding functions.
1 . fl . 1 2. fz w‘ik,,fii 3‘ f,% : Nﬂ Zero . 4' .f4 No zero

¢} Do astudy of each of the preceding functions and complete the following table.

al bl ki Bk hsymptote | Domain Range Zere Sign Varlation

fi 21211812 yom —Z R 2, +=f ¥ fix})= Qifx e joo, I] | Decreasing
Jx) = Gif e [1, +f over R

Ll-dal-1p1} w=1 [ Jooe, 1f 1 f(x) = 0 if xc =, 1] | Decreasing
Fx)=0ifxec [T, +f over R

f3 21 21-1; 1 y=1 e }I, +=f | Nore fix)»> 0, v xec R Pecreasing
over

fpr1i11]1 y=1 R J1, +=f | None fx)> 0¥ xR Increasing
over R

d} Verify that, for any expenential function, f(x) = ac®™— % 4k,
1, domf=R 2. the asymptote is the line y = k.
3. ranf= 1k, +>lifa > O and ranf = |-, k[ if a < 0.
4. the zero of f exists if @ and k are opposite signs.

S’?ESBY @F AN QXPQNENHM mm*,g e

:5 Io sketch the graph (rf ari L‘xpon@ntml ﬁ1mt10n
1. we draw the horizontal as Lote.
2. we locate, using the rile, _tW( m_mts on tha exponential curve.

: :
E 3 we slaettb the cxponen_l I y _
* We stiidy an exponential hmctmn from th(’ sketch of the graph. Wc: lave:
i domf= R R
e ranf =k 4fifa =0 and ranf == s, k if g <
~ The zero of f exists if a and 'k are opposite amls
~ The sign of fis determined from the graph.
~ The variation of fis determinied from th(‘ graph.
- T hv function f has no extrema

é’l % See activity 6.

I
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2@. ror cach of the following exponential functions, determine
1. the equation of the asymptote. 2. asketch of the graph. 3. the domain.

4. the range. 5. the zero. 6. the sign.
7. the variation.
Ruie 9 ¥ 3 4 5 & 7

filx) =2¢-1-4 V=4 (1, -3):(2,-2) PR |J4, +o[] 3 |fAx}=0ifxe )=, 3] Increasing

Filx) = Qif x € [3, +f
x+1]
ol = {%J + 1 iw=1 (-1, 5); (1, 2} R1JE +=f [ None { f{x) > OV xeR Decreasing
fy{x) = =270 0 Thy = ~1 000, -85 (1, ~2) | R | Fos, ~1[ | Nome | fufx) < 0 xc B Increasing

ﬁ A} s 2o 1) g v =400, -2); (1, -3} R §J-4, e . | falx) = O df x € j—e, ~}] Decreasing
1 F:;
£i6) = 0 if x 2 [-1, wf

2 4. Consider the function f{x) = 2(4)%_2} - 2.

a} Represent the function f in the Cartesian plane using the B
table of values.
x| -21-17 071 72:i3]4
y|-81-20.31 110126
A .
b} Determine . ¢ / _ x
1. domf B 2. ranf 12 +*[ 3, the zero of f 2 —
4. thesign of f_f6) = 0ifx= ¢2; fix) = Gifx> 2 SRR R
5. the variation of f. f1s increasing over R. 6 the equation of the asymptote. ¥=~2
—j‘fxwl}
22. Consider the function flx) = WZ[%} ) v
a} Represent the function fin the Cartesian plane using the
table of values.
xi=3j2/ -1 0011213 .
X

15 7§ 3 ok
vy i2ii i 2l1tol-2]-6

b} Determine
T.domf 8 2 vanf F 2 3 thezerooff_ 1 _
4. thesignof [ f&x}= 0ifx= 1; fixj< 0ifx= 1

5. the variation of f. fis decreasing over 8. 6. the equation of the asymptote. v =2

22. Study the sign of the following exponential functions.

w42
A fw=t -4 B W= 12 g =23 418
f0) = 0if x € (-4, +f f9 = 0if ke [3, +4 )< 0if x & e, 2]
fx)=0ifx e J-=, ~4] Ffixl= 0if x & Jowo, 3] fixp= 0if x € [<2, +=f
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24.. Solve the following exponential inequalities.

a) 21820 b} 6(3)*2-230 g 32" S 12=0

§ = J-=, 5] S = J1, o 8=}, 3]
Z%. What is the range of the function flx) = -5(3)2x~ U 1 197 _ranf =}, 10
‘ R Y o ) : 4
- Determine the initial value of flx) = -3{4)2 + 10,
27 . Study the variation of the following functions. N

a) flx)=-2v"144 b} flx)= MZ(—%) + 6

Decreasing Increasing

IVOTY 7/ Rule of an exponential function: fx) =

a) In areforestation project, a company decides to double the number of trees it plants each year.
Initially, the forest contained 25 trees.

t. Find the rule of the function which gives the number v of trees in the forest as a function
of the number x of elapsed vears. y = 25(Z)

2. How many trees will there be after 7 years? 3200 trees

b} A controlted environment contains 3 bacteria initially. The number of bacteria doubles every
~15 minutes. We are trying to find the rule of the exponential function which gives the number
y “of"biacteria as a function of the elapsed time in hours. The form of the rule is:

= ach*.

? . Complete the table of values on the right.
X ¥
2. The initial value of the function represented by a is the value of vy at the
beginning (x = 0). What is the initial value a? _a =3 0 3
- . . . 1
3. The number of bacteria doubles every 15 minutes. What is the 7 &
multiplicative factor ¢? _¢=2 ] p
= i
4. Since the elapsed time x is in hours, the parameter b represents the number 2
of 15-minute periods per hour. ;Z»_ 24
1} What is the value of parameter b? b=4 1 P
2) What is the rule of the function in this situation? y =32
2 758
5. What would the rule be if the bacteria doubles
y = 3(2p y = 3(2)%

1) every twenty minutes? 2) every two hours?
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'RULE @F AN EX?@NEN?!@E FUNCTION f x}) = acﬁ

Orice the unit of tmn is well defined, the independent va wriable x re presents th(‘ elapsed time
since the beginning (x = 0). The depe ndent variable v (number of bacteria, accumulated capital,
R dlu‘ thl(‘» th u are p( mdmal]; H?Ll]ilf: l;( d I\y ac (wm‘tam factor.

b reprc sents th( numba of pcrmds per unit o{ tlmc
¢ represents the periodic multiplicative factor, which is the factor that the dependent variable y
is multiplied by each period.
Ex.: A controlled environment initially contains 10 bacteria. The unit of time is in hours,
- When the number of bacteria triples (¢ = 3) every 15 minutes, each hour contains 4
periods (b = 4). The rule is y = L0{3)*.
— When the number of bacteria doubles (¢ = 2) every 30 minutes, each hour contains 2
periods (b = 2). The rule isy = 10{2)?*,

— When the number of bacteria c;u'ad‘rupicﬁs (¢ = 4) every 2 hours, each hour contains & of

2z
perlod {b o= ;] The rule is y= 10(4)

Z&. The tables of values below correspond to an exponential function with a rule of the form y =
ac®. Find the rule of each function.

Al <J0T1 b)f <101 gl=T0712 dl<Tol2
vyt vi2]8 y 1-3 112 vy 1-419
v=%@F v=2[2] y = -3(2)* y=-a[2]

2% . Each of the following situations is described by an exponential function of the form
y = ac™. After establishing the unit of time,
. define the variables xandv. 2. determine the parameters a, b and ¢. 3. find the rule of the
function.

a} In-a t@ptmﬂe& environment containing 1000 bacteria initially, the number of bacteria
{\erp]e,s every 10 minutes.

1. x: number of e!apsed hours since the beginning, y: number of bacteria

2 a=1000,b=6, c= 3. v = 1600(3)%*

b} In an environment initially containing 100 insects, the number of insectsi doubies ‘pvery 3
days. T :

1. x: number of elapsed days since the beginning, v number of insects

2. a=100,b="% c=2 3.y = 100(2)4*

¢} A car bought for $30 000 i ‘ 20‘/) OF its value every year.

1. x: number of elapsed years since the purchase, v: value of the car

2. a=30000,b=1 ¢c=080 3 y= 30 000{0.80F

d} An initial population of 1000 deer'i ll’lCI'EﬁSGb by 15% each year.

L. xr number of elapsed years since the begmmng, w deer population
2. 0=J000,b=1¢c=1.15 3. p=JO00(1.15)
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e} A radioactive mass of 5. g ]0‘%(‘5 half of its mass each period of 6 hours starting at noon.
1. x: number of elapsed hotivs since noon, y: remaining mass

2 a=50;b=%c=1 3y 50{ ]

f) An initial population of 100 birds] mcrﬁases by 15”/( Levery 2 years.
1. x: number of elapsed bugss since ‘the begmnmg, v: bird population

z

g w
2. a=100,b=‘5,c=2.15 ?f ot 3. y=100(1~15)'é

BB. A capital ¢, is invested at a fived annual interest rate i compounded n times per year. The
accumulated capital c(r) after t vears is given by the formula

(W =c, [1 + m}

a} Establish the rule of the function ¢{t) that gives the accumulated capital of $1000 invested
at a 6% interest rate compounded

1. annually. C(t) = 10006 (1.06} 2. every 6 months. _C{t) = 1000(1.03}*
365¢
_ 12 _ 74006
3. each month, _ €)= 1000005/ ;= .ch day. ct) 1000( y 365]

b} Calculate the accumulated capital after 5 years in each of the preceding cases.
1. _$1338.23 2. $1343.92 3. $1348.85 4.  $1349.83 N

M\CTIVITY S Finding the rule of an exponential function

a} Consider the exponential functions f{x) = a{c)® and g(x) = a(?)*.

1. Identify

1) the base of f. ¢ 2) the base of g. ¢
2. Explain why the functions f and g have the same rule.
(cPp = chx Law of exponents: fa™}? = g™
b} Consider the exponential functions flx) = ac® " and g{x) = Ac*.

Determine A for which the functions f and g have the same rule.
ac® P =ac® . ¢ = acteX = Ac¥; A = ac.

€} Write each of the following rules in the form y = ac* + k.
]_y:5(2)3x+1 v=52P+ 1 =52+ ] =58F+1
2. yw3(2)x"+"2~§~5 y=3-25-22+5=12(2FK+5
3‘3,:?;2(3)23;4;174 y=2 3. 3-4=6(9r-4

Therefore, every exponential function can be represented by a rule of the form y = ac + k.
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d)

Find the rule of the following exponential functions knowing the asymptote and two points on
the graph.

}. ....... P 2 4. By y=4
. » (1;5 ‘
e S ! i
T
/{6,3) - y _.Nz)
Lo
0 %

v =32Z)F

Every rule of an exponential function can be written in the form

Vo= act - k.

Ex.: ‘Consider the exponential function f on the right.
e Horizontal asyraptote: y o= 10= k= 10, -
o f(1y=4 {am 10=4 -_{Mm@ -
e f(2) =8 T Jac? +10=-8" lac? =18 |

We deduce that ¢ = 3 and a == 2. Therefore, f(x) = -2(3}* + 10.

2%.

2.

156

Find the rule of the following exponential functions knowing the asymptote and two points,
A and B, on the graph.

a} Asymptote:y =0 b} Asymptote:y=0 ¢} Asymptote:y =2 d} Asymptote:y = -10
A(1,6);B(Z,18) A(l, =10}, B{2,-50)  A(0, 1); B{1,-2) A(l,-4); B(2,8)
y = 2(3) y = ~2(5F y =45 1 2 v =2(3F-10

A ping pong table is 70 cm high. A ball is dropped from above the table. The height reached
by the ball relative to the floor is 100 cm on the first bounce and 88 ¢m on the second bounce.

a) Find the rule of the exponential function that gives the height v of the ball as a function of
the number x of bounces.

x I 2
100 88

y=ac + 70; vy = 50{0.60) + 70

yicm)

b} Calculate, to the nearest tenth of cm, the height reached by the ball on the 6th bounce.
72.3 cm

Chapter 4 Exponential and logarithmic functions
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The inverse of an exponential function in base 2 is a function called

a} The basic Cxponmtla] functlon yo= 2%1s 1epresemed on the
right.

1.
2.

Graph its inverse.
Explain why the inverse is a function.

Any vertical line intersects the groph at most once.

logarithmic function in base 2, written y = log,x.

3. The table of values for the exponential function y = 2% is

represented on the right,
Deduce the table of values for the logarithmic X 241 L2
£y et — 1 H
function y = log,x. v=2 {713 o4
4. Determine the following, and justify your answer.
1) log, 8 = 3 since 2% = 8 « 181 Ty
- -3 si -3 = 4 4 2
2) 10% l - since =g
2g y=legx § -2 ¢ -1 i 2
5. For the function v = log,x, determine
1) the domain. B, 2) the range. _® 3) the zero.
4) the sign fog,x = 0ifx= 1 and log,x = 0if 0 <x = 1.
5} the extrema, if it exists, _No extrema 6) the variation, _fis increasing over i},
7} the equation of the asymptote. x=0
b) The basic exponential function y = (%} is represented on the
right.
1. Graph its inverse.

2.

The inverse of an exponential function in base Sisa function ca

logarithmic function in base %, written y = log, x.
2

3.

© Guérin, ¢diteur ltee

Expiain why the inverse is a function.

Any vertical line intersects the graph at most once.

The table of values for the exponential function

x

is represented on the right.

v=l;

Deduce the table of values for the logarithmic

function y = log,x ¥

o
lled

X -2 {1 ] 2
(4 141
v=l3 |4 ]2 2] 4
T 01
x 4 4 2 Sy

y=Hg,x § -21-I i

Z
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4. Determine the following, and justify vour answer,

;o3
3 since [};] w A

1) 1og1l = 2] 8 2) log, 8=
z 2
5. For the functzon Vo logix determine
1) the domain. B 2) the range. _ ® 3) the zero. 1
a) the sign Eagéxl- if0<x= Iandfnglx* ifxz=J
5) the extrema, if it exists. Ne extrema 6) the variation, _f is decreasing over [t
7} the equation of the asymptote. x =0
|  BASIC LOGARITHMIC mee@ﬁ -
"o “The inversc of the baq;( exponential fumtu)n in base ¢, y & isa functzon called logarithmic
function in base ¢written v = log x.
¢ 1 O<e<l
¢ Wehave vy = log x ¢ x = ¢
e The graphical representation of y = log x depends on the base c.
c> 1 O<e<l
; .m..é;x..‘ :
T B3
— Variation: increasing function. - Variation: decreasing fu:ﬂction
— Sign: logx=0if 0 <x =1 - Sign: log x =2 0if0<x=

' logx=0ifx =1 Iog€_x<(} fx =1

.chard]es‘% of the base, 'we have: . |

.~ dom = | #:and ran = [}

~ the zero of thie hmctlon is: Uqucil to. 1.

o~ the function has no:extrema.
— the fonction has a vertical asymptoter x = 0.,
158 €Chapter 4 Exponential and logarithmic functions ® Guérin, éditeur ltée



VITY

The logarithm in base ¢ of a positive number p, written log_p, is the exponent g such that ¢ = p,
Thus, log:25 = 2 since 5% = 25,

& Definition of a logarithm

We have the equivalence: logp=gqeci=p ﬁgﬁgj:ﬁi&i iﬁ@gﬁ:ﬁi?@
a} Use this equivalence to complete the table on the right. 23 .. g log, 8 = 3
b} Calculate and justify your answer. , 32 .. g log, 9 = 2

1. ing 16 — 4 since 2% = 16 2 ]ngé - ~3 since 23 = 3 25 }ogg Y

3 10g2 | = 0 since 20 = } 4 105;;3%: 2 since (—g g 2_2m§ EOQQTE" 2
£} The logarithm in base 10 of a numf)w x, called a common 27° 27 o, 21

logarithm, is written logx. Mentally evaluate the following {37"] T8 Og; g =

logarithms and then verify the value on your calculator,

. loglO. 2 2. log 1000. 3 3. log0.l. =1 4 log0.01. -2 __

d} The logarithm in base ¢ of a number x, called a natural logarithm, is written Inx. Mentally
evaluate the following logarithms and then verily the value on your calculator.

1. Ine. 12 2. Ine?, 2 3. lnelt -1

E@&me@m OF A LOGARITHN =

. =K'V"[h( 0;, ii’lf]ﬁn} in bgw, ¢ 05 a posztlve number p, written log, p, is ‘{ha expunc*nt g such that

e p 2

<A logarithm is *~ -
an exponent.

We have the eqizivﬁlenu“ logp=qeci=p

Ex.: log, 8= 3 since 27 = 8
e - The logjcmthm i base I 0 of d number x is written logx
= The logarithrn int base e of 4 numbﬁr X is written Inax:
- Th( folhm in g formuilas enable you to-calculate l{}; - using a caleulator,

log x ) nx Ue the log
log, x = io p or | log.x= n 7~ keyorln key
g . ¢ on the calculator,
log8 ' |
N "Ehu lo ) s e o 3 oy ]0 . 8 = Ju8 3
- 5log, & Sleg2 - 52 T

e furmul?b are estab §1ahod on pagx 178 (ch‘mge of base LIW ).

T . For each of the following exponential forms, write its equivalent logarithmic f‘orfzn.
P -
3o 2 _ 21 1.1 [m%] =9
a) 23-18 b) 102-100 ¢ 5?=L  dq [2] Lo [ =8
log,& =3 log 100 =2 tog, [.—2”%] =-2 fog, [é‘} w2 Iogg[—g}} =2

& . For cach of the following logarithmic forms, write its equivalent exponential form.

a) log:25 =2 b log 1000 =3 ¢ log, [51._/:] ~~~~~ -3d) logl( }—2 e) 10g3[~§m} — 3
52 = 25 105 = 1000 go=L [_;;]2 -1 {g}” -5
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Z. Evaluate the following logarithms mentally, and then verify on your calculator.

ajy log, 16 _4 b) log. 25 2
o il " -3 i 2
d} log 0.001 ] e} 1og% 9] 1
g) ].ngs 5 2 h) iogg 2 £
Evaluate the following logarithms mentally.
1
a) log, 9= z by log,3= 2z
i
d) 1og_g[%5m]z;‘i, ______ @) log,2- 3
5
i
g} log, P} = 2 ___h) log,1 = 0
Evaluate the following logarithms mentally.

a) log 10000 4

b} logo.0o1 <

d) Ine? "

Explain why, for any base ¢, we have:

a} log, 1 = (0. _since c? =1

e} log 10° _ 3

b} log.c=1.

Determine x in each of the following.
a} logz o x=16 b) 1ng 25..2 x=5
- 2 1
d) ]ng {'g“] = 2 _’C_M..m,%,,w,_,,,i @} 1{}g3 X o= “‘2 X @
3 -£ 3 x =~J
g} log sx=-3 _*T 37 h) iog_z_ S
3 e 3 o

8. For cach of the following logarithmic functions,

1.

indicate the base;

2. determine the variation;

f) Inl

¢ log, 2 -1
2

f) logg_ %;J ""21
) )
0 hg%[%} .3
f} log_g_[%} = %
) logy[3] =
¢} log %5 -1

o

since ¢! = ¢

¢} log, [gﬂ —x x=-3

) log, %-5 e

i) logsx=10

3. determine

the sign.

% Increasing fog, x<0if0<x=1I;log, x=>0Cifx=1
a) y=log,x . 2. 3, 2 3 -
: ‘g‘ Decreasing log, x> 0if0<x=1;log, x<= Oifx> ]

3

< y=logx 1.

10 7 Increasing

3. logx=0ifG<x=l;logx=0ifx=1I

d) Yo In x 1. e 2. Increasing

3, nx=0if0<x=l;lnx=0ifx=1

8. In cach of the following cases, the point A is on the graph of a logarithmic function defined by
the rule v = log_x. Determine the rule of each function.

160

a) A(9,2)  Y='8:* 1y AQ100,2) _YTlos¥
= log , =1
d) A[Z3| TTHTe Aey T

Chapter 4 Exponential and logarithmic functions

q A(s-3)_ " l8yT
f) A[é _ } V Iog_g_x
4’
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The point A{Z’
: L

v = log_x.

a} A point B on this graph has an x-coordinate of 16. What is its y-coordinate? 2

%} is on the graph of a logarithmic function defined by the rule

b} A point C on this graph has a y-coordinate of 3. What is its x-coordinate? 64

T 4. The logarithmic functions y = log,x, v = logy x,
y = log,x and y = |

right. ’

og,x are represented on the

a} Find the equation associated with each curve.

1 v = log, x

2.

v = log, x

=log , ¥
3. YT

4,

ve=log; x
2

b} True or Faise?

1. When considering two increasing logarith-
mic functions, the one that increases the
fastest is the one with smallest base.

2. When considering two decreasing logarithmic functions, the one that decreases the
True

fastest is the one with biggest base.

T2. True or False?

a) log, xis not defined when x = 0.

b} v =log, xis increasing when ¢ > 1.

True

True

True

¢} For any base ¢, the curve defined by the rule y = log_x passes through (1, 0). True

d) fO<c<1andx > 1 thenlog x> (. False
e} c>landx <1 thenlog x < 0.

3. Consider the function y = In x.

True

a}) Complete the table of values.

% el

1

S

o2

y=Inxi -1

0

1

2

b} Graph y = In x in the Cartesian plane.

T€.2) Among the four functions represented on the

right, identify

lLy=lnx @ 2 y=-lnx

3.y=In(=x) @2 4 y=-In(x)_@

© Guérin, éditeur [tée
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b} Complete the following table.

fix) = 1Inx fix) =-~Inx fix) = In(-=x) flx) = ~In(~x)
Bomain e e R* [R*
Hange 33 R &4 [
oy fx=0if0<x=1] fix=0ifx=1 fxiz= 0ifx= -] Fxh=0ifxe= -1
)= 0ifx=1 [f0)=0if0<x=1fid<0if~-1<x<0|fix)> 0if-T<x<0
Yariation Increasing Decreasing Decreasing Increasing

W

I hc function y = 2¥is represented on the ngji

ny “_3 Expanenm eqmi@ﬁ - F@fm ci=p

a} Complete the following table of values.
% ~2 -1 o I 2 3

vo4 1 j2 14 18

1
412

.: RV

b} We are trying to find the exponent x such that 2% = 3.

1. Use the graph of the function v = 2% or the table of values to
determine between which consecutive integers the exponent x is located, 1 <x<2

2. Use a calculator to approximate the exponent x to the nearest tenth. _ x = 1.6

3. Complete. 2% = 3 @ x = log, [3]
Calculate the exponent x using a calculator (round to the nearest hundredth), x=1.59

¢} Solve the equation 2* = 5. Round the solution to the nearest hundredth.
Zwbex=log, 5;:x =232

Exmmﬁi\@ﬂmﬁ"' m'm — mm ¢

Wiu . solvuw an exponentl al equatxon e use thf fol%owmg e quwaic nce:

¢t=peg=1log p

232 — 10 = 0
1. Isolate the power containing the unknown on one side. 2(3)%* = 10
3% = 5
2. Use the equivalence ¢ = p < g = log_p. 2% = log3
3. Determine the unknown. X == 10g3 5
4, Establish the solution set. S == { log, 5}

5. Solve the following exponential equations (round solution to the nearest hundredth).

a) 3¥=6 b} 5% =10 ¢ 2+1=4
x =log, 6 ~ 1.63 ) x=% log, ¥0 ~ 0.72 o x=log, 3= 1.58
(0,57 = 3 e) 22—7 )y 20007 -3 =5
x =logy, 3~ -1.58 x =% log, 7~ 1.40 x = log 4 ~ 0.60
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17.

19."

20.

1.

24.

23.

Determine, if it exists, the zero of the following exponential functions.

] xA42 2x +1)
a) y=-2(37% 1 11 b) y=3[1] 10 g y=-2 %} o
I+ tog, (0.5} -2 + log, {1;)) Mo zero.
Given f(x) = 2(5)* — 1. Determine, if possible, the value of x for which

a}) flx)=2*= log. 1.5 = 0.25 b) flx)=0%= log. 0.5 ~ ~-0.43 ¢} flx)=~2_ Impossible

The bacterial growth within a culture is given by the rule y = 10(2)* where v represents the
number of bacteria and x represents the elapsed time, in hours, since the beginning of the
experiment.

a} What rule enables you to calculate the elapsed time as a function of a given number of

bacteria in the culture? x = log,(0.1y)

b} Determine
1. the number of hacteria in the culture sfter 5 hours. 320 bacteria

2. the elapsed time since the beginning of the experiment if we observe 1000 bacteria.
x = log, 100 = 6.64 h =~ 6 h and 38 min.

The accumulated value ¢(f) alter ¢ years of an initial capital ci) invested at an interest rate i

compounded n times per year is calculated according to the rule

1_ "
oty = CO{I + ;]
a} What is the accumulated value of a $1000 capital invested at an interest rate of 10% after
7 years if the interest is compounded
1. annually. $1948.72 2. every 3 months. _$1996.50
3. every month., $2007.92 4. every day. $2013.56
b} After how many years will the accumulated value of a $1000 capital, invested at an interest

rate of 8%, be worth $2000 if the interest is compounded
log, 052 = 9 yrs 2. every 3 months.

1
1. annually. 5 10910, 2 = 8.75 yrs

One litre of water evaporates by losing 1% of its volume each hour. After how long will the
volume be 950 ml? 950 = 1000(0.99) < t = log, 4, 0.95 ~ 5.10 h~ 5 h and 6 min

A grocery basket for 4 people cost $150 in the year 2000. The inflation rate remained at 3%
for the following years,
$173.89

185
fog, o3 7575} = 7.09. In 2007.

aj How much did this same basket cost in 20057

b} In what year will this basket cost $185?

A village of 1000 inhabitants increases at a rate of 10% per year. A neighbouring village of 2000
inhabitants decreases at a rate of 5% per year. After how many years will these two villages
have the same population?

FO00(1.1)F = 2000(6.95); ¢t = 4.73 yrs. After 4 years and approximately 9 months.

A car loses 15% of its value for the first 3 years and 10% of its value for the following years.
After how many years will a car purchased for $30 000 be worth $10 7787 _ After 8 years.
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The basic logarithmic function y = log x can be transformed into a logarithmic function defined by
the rule fix) = alog, b{x — k) + k.
Consider the logarithmic function y = log,x and the logarithmic function y = 2 log, 2{x — 3) - 2.

a) Identify the parameters a, b, h and k.

a=2b=2 h=3 k=-2

b) The introduction of the parameters a, b, h and k into the rule of the basic logarithmic function
causes a series of transtformations on the graph. Complete the description of this process.

1.

N

164

From the graph of y = log,x, we obtain the graph of
v =2 log,x by the transformation (x, v} — __ 6= 2v}

The parameter a causes a vertical stretch of factor 2.

The function y = 2 log,x has a vertical asymptote with
equation x=0

From the graph of y = 2log,x, we obtain the graph of
y = 2 log, 2x by the transformation
B

X
(ey) > 2Y
The parameter b causes a horizontal reduction of
factor 2.

The function v = 2 log,2x has a vertical asymptote with
gquation x=0

From the graph of y = 2 log, 2x, we obtain the graph of
y=2log, 2(x — 3) by the transformation

(x,y) — {x+3, v}

The parameter b causes a horizontal translation of 3

units to the right.

The function y == 2 log, 2(x — 3} has a vertical asymptote
with equation _ x=3

&hapter 4 Exponential and logarithmic functions

. v ==d-dog, x
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WL IR

7 i =2log, 2%

B
x
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4. From the graph of y = 2 log, 2{x — 3), we obtain the
graph of y = 2 log, 2(x - ) — 2 by the transforma-

tion (x, v) — (x, y ~ 2}

vertical translation of

The parameter k causes a
2 uniis downward.

The function y = 2log, 2(x — 3) — 2 has a vertical

asymptote with equation

x=3

¢} From the tables of values, verify that the

transformation (x, y) — [2;; +h, ay + k] directly

applies the graph of y = logx onto the graph of

y=2log, 2(x — 3) - 2.

Indeed, (1, O} becomes {3.5, -2},

{Z, 1} becomes (4, C) and (4, 2} becomes {5, 2}

2

i
{
‘. .
. v =210, 2(
!
T sy =2log; 2(x — 3) -
!
] ![/ “x
! s
y=log,x  y=2log, 2(x~3) -2
x o ke
1 i I ]
2 1 4 O
4 2 5 2

by the transformation (x, v} — {% + 3, 2y~ 2].

basic. logarithmic function y -

Ex.: See activity 1.

wmmmsc FSJE@CTSN f

(>g, ZJ( ------ n) + L can be dc d‘uctu fuuu thc gidpil of the:

f:s""“ h\ (Lfapl'l (m hxx {Uu\tn)n /f\vi.} e
: log, x by the transformation

1z y) - [ +h,ay+k}

¢ The logarithmic function f(x) = z_._.og,;b(x s ) 4 k'has the vertical line x = h as an asymptote.

f. The following functions are defined by a rule of the form fx) = a log, b(x ~ h) + k.

filx) = Slog, x; folx) =log, 4x; fi(x) =

Complete the table on the right by determi-
ning the parameters a, b, h and k& and by
giving the rule of the transformation which { f, | 5
enables you to graph the function from the

basic function f{x) = log, x

© Guérin, éditeur itée
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&. In each of the following cases, a transformation is applied to the graph of the function y — log, «.
Find the rule of the function whose graph is obtained by applying the given transformation.

a} {x,y) — (x,~y) |y -logy x B} (xv) — (2x,v) _ v = logs f‘i?x]
) (x,y) = (x 2y) __YTEI08s % d) (x,v) = (x+2,y) . Y=loss-2)
e} .(x y) gy 5) YT logsx -5 f) (xy)—(x—1y+3 2" logg (x + 1) + 3
. The function flx) — log 1% is represented on the right. 4 :
|
a) Explain how to obtain the graph of g(x) == 2 iog%_{x - 3), ' E
from the graph on the right, and represent the graph of | ;
function g. {; I

1. A vertical sireick is applied to the graph of f:
{x, y} - {x, Zy}.

Z. A horizontal translation of 3 units to the right is then

applied to the resulting graph: (x, v} — (x + 3, v}.

&. The function f(x) = log, x is represented on the right.

a} Explain how to obtain the graph of g(x) = "10g2(%x) + 1

from the graph on the right, and represent the graph of

function g.
1. A reflection about the x-axis is applied to the graph of f:

{x, v} — (x, -y}
2. A horizontal stretch is applied to the resulting graph:
{x, v} —~ {Zx, y). .
3. A vertical iranslation of I unit upward is then applied to

the preceding graph:

b} What is the equation of the asymptote of function ¢? x =0

B. The functions represented below are defined by a rule of the form y = log, (x — h). Find the
rule of each function.

a) g e R :

/ L e I
0 .; x 0 ; x

y = log, (x + Z} v=log
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@. The functions represented below are defined by a rule of the form y = log x — By + k. Find
the rule of each function.

a} Vi - b} LT

PhA
A

a} Consider the logarithmic equation: 5 log, (2x + 1) — 3 = 12,
1. What restriction must be placed on the variable x for log, (2x + 1) to exist?

2x+1>00 x>

2. Justify the steps in solving equation.

Slog, (2x+ 1) -3 =12
g ]ng (2x+1) =15 Add 3 to each side of the equation.

1022 {Zx 4 I) =3 Divide each side by 5.
x4 1 =23 Apply the definition of a logarithm: log . p = q & p = c%.
P — 7 Subtract I from each side.

x = 3.5 Divide each side by 2.

3. Does the value found for x respect the restriction established in 1.7 _Yes

4. Therefore, what is the solution to the equation? _3-5

b} A company has established that the required assembly time ¢ for parts, in minutes, is given by

1 =-20 log, {{jﬁ - 2J + 80 where n represents the number of parts to be assembled.

1. What restriction must be placed on the variable n? _n > 16

2. Han employee takes 40 minutes to assemble parts, how many parts did he assemble? {Verify
if the number of parts found respects the restriction)
-20 iog, (;.52 - 2) + 80 = 40

¢ log (% - .2) = 2

NI
@}525

Sn =135 {The restriction n > 10 is respected).

The employee assembled 135 parts.
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_ LOGARITHMIC EQUATION - ém#@ log.p=gq

When solving a logarithmic equation, we use the equivalence:

log. p=g+ p=1d

Ex.:3log, (2x —4)—-5=4

1. Determine the restrictions. 1. Restriction:2x — 4 >0 x> 2
2. Isolate the logarithm on one side, 2. log, (22— 4)=73
3. Use the equivalence: log, p = g < p = ¢4 3. (2x — 4) = 23
4. Determine the unknown. 4, x =6
5. Verily the validity of the solution. 5. The solution 6 respects the restriction.
6. Establish the solution set S. 6. S= {6}
7. Solve the following logarithmic equations.
a) log, (x — 1) =4 b} 2logy (x+ 1)~ 3=1 <) ]Elog(Sx +10})~1=0
S ={17} 5 =8} 5=[18]
d} 2log, (x*-1)=5=1 e} Slog, (x*+3x~2) — 10=5 1} logg (x? +9) =2
8 ={-3, 3} §={5 2} ] 8 =f-4, 4}
8. Find the zeros of the following logarithmic functions. ]
a) fix)=log, (x+ 10) —2 15 b} flx)=-2log; 2(x+5) -4 2
¢} flx)=2log, (x—1)-1_3 d} flx)=2log(x +6) -2 4

8. The number of customers v (in thousands) willing to buy a product depending on its sale
price x (in §) is estimated by the rule v = 20 — 4 In(0.1x).

a) Estimate the number of customers willing to buy the product when the sale price is
1. §20. 17 227 customers 2. $50._13 562 customers 3 $100. 10 790 customers

b) Estimate the sale price of the product for the foilowing number of customers.

fﬁ\feu‘l\/ oy j Sketch af the graph 3na study m? @ iogaritﬁm;e functwn .

To sketch the graph of the logarithmic function fix) = a log_b(x — h} + k,
1. we draw the vertical asymptote with equation x = k.

2. we determine the domain of the function.

3. we locate, using the rule, 2 points on the logarithmic curve,

4, we sketch the logarithmic curve.
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a) Sketch the graph of the following functions.
1. filxy= 2log, 2(x— 1) + 4 2. flx)=-2log, (x+ 1)+ 4
2

‘i....

0 x
domf, = ]I, +f domfy =4, +f
A(Z, 2); B(5, -2} A(D, 4); B(1, 2}

3. fi{x) =2 log, 2(x+ 2) — 4 4. f,0x) = _log,l,““% (x—2)+ 1
-
. ..’F,,,,,,“ .
i B, o
I I x
du |
domf, = -2, +of domf, = J-=, 2[
A-1, -2); B(2, 4) A(-2, 2}; B(O, 1}

b} Find the zero of each of the preceding functions.
1f_ 3 2. 3 3 f 0 4, f,o 1
¢} Do astudy of each of the preceding functions and complete the following table.

ai b} By k] Asymptote § Bomain Range | Zero Sign Yariation

fii2i2zi1}4 x=1 JI, +oof R 3 1 fd=0ifxc], 3] Decreasing
filx) < 0if x € [3, +=f

fr -2 1]-11 4] x=-1 |1, +»f R 3 1 fux)=0ifxe 1, 3] Decreasing
Fox) = 0 ifx e [3, +oof

fi2lzi-2]-4] x=-2 |}2 +of R 0§ fAx)<Oifxc -2, 0] Increasing
f3lx} = O if x € [0, voof

fi 1-1 _.% 211 x=2 J-oo, 2f R 1 | fix)=0ifx e =, 1] Decreasing
fAx)<0ifxe 1, 2[
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STUDY OF i m@mwmst F&EN@NGE@

® 'Y() sketch the graph of a logarithmic ﬁmctjon
I we draw the vertical asympiote.
2. we determine the domain of the function.
3. we locate, using the rule, 2 points on the logarithmic curve,
4. we sketch the loganthmic, curve,

— dom f =k, +oo[ if b > 0 and dom f = |—=, k[ if b < 0.
~ ran f:= R,

- The sign of fis determined from the graph.

— The variation of fis determined from the graph.

— The function f has no extrema.

Ex.:: See activity 3.

® We do a study of a logarithmic function using the sketch of the graph.

Q. For each of the following logarithmic functions, determine

1. the equation of the asymptote. 2. the domain. 3. asketch of the graph.
4. the range. 5. the zero. 6. the sign.

7. the variation.

Rule g 5 . A - -

fix) = -3 log, 2(x + 1) + 3{x w111, +=[ (1, 0):47,-3) [ R| 1 Lf,00= 0ifxe -1, 1] | Decreasing
folx) = Qifxe [1, 4o

Lix) = 2 log, 2{x + 3) x=-3{]-8, vl (-1, 4); (1, 6} IR -% fa00) = 0 if x € -3, -g] Increasing
x)=0ifxe [—-g;, yof

fyloe) =logg (o 1) = 2 = 1 o 2 (0, -2); (-2, -D)] B] <8 | fy(0) > 0 if x € J, -8] | Decreasing

3 3 :
falx)= Qifxe [-8 If

folx) = —logy (~x 4 3) 4+ 4 fxw3 [l 3] [(-1, 2: (1, 3) | R|-18]700 = O if x e F, ~13] | Increasing
fsbh =0 if x e [-13, 8

T . Consider the function flx) = 2 log,(x — 1) — 4. T I

a} Determine
1. the asymptote of f. * =1 2, the domain f, _ 1 +=l_

b} Represent the function f in the Cartesian plane. e T
t
2 N
xS 121315109
yi-6|-4.-2;0] 2
¢} Determine
oranf B 2. thezerooff 5 B
3. thesign of { __ f0d=0ifxc ]t 5k ftx) = 0if x € {5, +=]
4. the variation of f. [ is increasing over J1, +sf

170 Chapter 4 Exponential and logarithmic functions
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T 2. Consider the function fix) = 2log,=(x+3) — 4. .

1
12
a) Determine

1. the asymptote of /. ___ ¥=-3

2. the domain of f. _ 3% +=f
b} Represent the function fin the Cartesian plane.

=20 2010 110 5

v 10 w2l 4§ -6 -8

¢} Determine 5
I. ranf _%® 2. thezeroof f 2

- fod = 0ifxe -3 E] fg = 0 i xe -5 4
3. the sign of f. | 2 v J 2’

4. the variation of f. fis decreasing over -3, +=[.

% Z. Find the domain of the following logarithmic functions.

a} y=log, 2{x-1)+5 b) y=log2(x+3)~5
11, e[ J-o=, ~3(

¢} y=log (x*~ 1) d} v=In(x*~ 5x + 6)
Joo, =3P U 1E, 4oef e, 21013, +of

e} y=log, (x> + 1)+ 5 il v=In{16 — %)
¢ -4, 4f

4. Study the sign of the following logarithmic functions.

a}) fix)=log, (x—1)~2 b} flx)=-2log, (x—1)+2
fix)=0ifxc }i, 5] fxip=0ifxc ]1, 4]
fix) = 0 if x ¢ [5, +=[ fx)= 0 if x € [4, +7f

¢} flx) = Slog, 2(x ~ 1) = 10 d) fix) = log, -2(x + 1) +2
flxp=0ifxc 31, —12—1-] Jfix) = Qif x ¢ J-oo, «0]
fix)=0ifxc E%, +°O€ fix)= O if x e [-9, ~3f

5. Solve the following logarithmic inequalities.

a) 2logyx—4=20 b) -3log, 2(x~1)+6=20 ¢ 2logx+1)~4=<0
& =[G, +oof 5=]i, 3] . 5=]1, 99]

T€. Calculate, if it exists, the initial value of the following functions.

a) flx) = % 10g4 2(x + 8) + 1.2 by flx}=2 log_l_ (x — 1) +1 Does not exist
7. Determine the variation of the following functions.
a) flx) = 2log, 2(x — 1) + 4 b} flx) = log,—3(x+ 1) + 2
F
Encreasingzover the domain Decreasing over the domain
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Iy <} Finding the rule of the inverse

a} Consider the logarithmic function y = 3 log, 4(x — 1) ~ 6.
Justify the steps for finding the rule of the inverse.
1. Isolate x in the equation: y = 3 log, 4(x — 1) - 6

3 I(ng 4(96 — 1y=y + 6 Add 6 to each side of the equation.
logz 4(x — 1) = %(y +6) Divide each side by 3.
4(% - ]) — 2%‘(3‘“3} log p = q < p =l (Definition)
1 Ly 6) - .
x_1— _(2)3 Divide each side by 4,
4
o == }7(2)%(3”' 6) +1 Add 1 to each side.

4 '

2. Interchange the letters x and v to get the rule of the inverse.
The inverse of the logarithmic function: y = 3 log, 4(x — 1) — 6 is the exponential function:

Ko 4.6)
=174

o3
b} Consider the exponential function y = %(2)4( N

Justify the steps for finding the rule of the inverse.
Lx+3 ‘
1. Isolate x in the equation: y = -%(2)4[ '

vt = %(2)5'(’6 +3) Add 1 to each side of the equation.
20y + 1} = 23 Multiply each side by 2.
i—(x—|~3) =log, 2(y + 1) pucielog . p=g

x+3 = 4log, 2(y + 1) Multiply each side by 4.

x =4 l.Ogj Z(y 4 I) -3 Subtract 3 from each side.

2. Interchange the letters x and y to get the rule of the inverse.
The inverse of the exponential function: v = %(2)4(“ K 1 is the logarithmic function:
y=4log, 2(x+1) - 3.
¢} Determine the domain and range of the preceding functions and verify that

1. dom f=ran f-!
a) dom f=ran 1 = J1, 4+f by dom f=ran f1 =R

2. ran f = dom f!
a) ran f =dom f1 =R b) ran f =dom f1 = }-1, +oof

d} Complete.
1. The inverse of an exponential function in base cisa _logarithmic function in base c.
2. The inverse of a logarithmic function in base ¢ is an exponential function in base c.

172 EChapter 4 Exponential and logarithmic functions © Guérin, éditeur ltée



F

- FINDING THE RULE OF THE INVERSE
The inverse of an exponential (logarithmic) function in base ¢ is a logarithroic (exponential)
function in hase c.

Ex.: See activity 4 for finding the rule.

”

For each of the following exponential functions,
1. determine the inverse.
2. wverify that dom f= ranf! and that ranf = dom .

a) flx) =31 _6 b} fix) = 52~ 1) _ 25 ¢ flx) = -5(2)3+2 4 10
FHx) = tog, (x + 6) - 1 Flxh = logg (x + 25) + 1 Fix) =% log, S(x - 10) - 2
domf = ranf! = It domf =ranfl =R domf = ranf! = i
ranf = domf! = -6, +f ranf = domf = ]-25, +ef ranf = domf! = J-», 10

9. Determine the inverse of each of the following logarithmic functions,

a) flx)=logy (x =1} +2 b} flx)=log,-3(x+1) 4 ¢ fix)= % log: 2(x — 3) + 1
fllx) =372+ 1 Fig =F(2F+- 1 Fife) = 3(5/26- 10 4 3

280. The population P (in millions of inhabitants) of a country varies according to the rule
P =50(2)% where t represents the number of elapsed vears since the year 2000.
a) Find the rule of the function which gives the number  of years since 2000 as a function of

the population P.
p
t =25 log, 50

b} In what year will the population of this country reach 100 million inhabitants?
In the year 2025,

24.(The time ¢ (in years

Mthﬁuzﬁog} (m—1) where m represents the mass (in g) of the particle at the beginning (t = 0).
. 1

irequired for a radioactive particle to disintegrate is given by:

a) Find the rule of the function which gives the mass m of the radioactive particle as a
tunction of the elapsed time t since the beginning,

-

s
[

b} What was the mass of the particle

1. at the beginning? 2g 2. afterSdan} 1.25¢g

; : y YT .
L= 197 9.
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AGTIVITY 1| Properties of logarithms

a} 1. Complete the equivalence: log, x =y < x = _a¥

2. Use the preceding equivalence to explain why
1 [an 1={ sincea’ =1

2} log a=1 _sinceal =a

3) log, a®=n _sincea” =a”

b} We know, by the definition of a logarithm, that the logarithm in base a of a positive number M is
the exponent which must be given to the base a to get M. Therefore, deduce a®=M. M

¢} Verily the preceding properties for logarithms in base 10.

1. log,, 1=0 2. log,, 10 =1 3. logy, 107 =n 4, 10%eM = M
~ PROPERTIES OF LOGARITHIMS
;.s_ lOga ] ::0 Ex.log, 1=0
;9:. 10gﬂ a = 'E. : Ex.log. 5:=1
e Iog{% at=n |  Ex.log, 5% =2
o [ lmaM — M . 1001 = 100

B. Calculate, using the properties of logarithms.

a) log, 1= 0 b} 10g_§_% =_ 1 ¢} log, 2% = 3
-2
o} lOgl{“:l",;] = 2 e} IOg‘g 1=_ 0 fy 2l = 3
3 3
/ Iog35 5 3 3 . 4 1 1

O [T it
@. Calculate the following real numbers,

a) log10=__1 b} Ine? = 2 ¢} log 107 = _ -8

d) [0l 100 = 100 ) eln? 2 f) 1()leg 10 — 10

g) eln’ = e h) 10l o 1071 i} Ine® = e
&. Use the identity M = a"™ to write the real number 5 as a power of

3 lag: g
a) 2_ 2"%° by 10 _ 1085 g e e"? @i{ﬂ
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Ty 2,

a} Verify that

Properties of logarithims (continued)

1. 10,{_{-, (8 ><4):10g»,8+10g74 fog, (8 x 4) =log, 32 =5;log, 8 +log, 4 =3 +Z =5,

8
fog, [E

]mfongémi;50928—30924=3—2=Ei.

2. log, [%} = log, 8 — log, 4

log, 2%

=log, 8=3;3log,Z2=3x1=3

3. log, 28 =3log, 2

b} Justify the steps showing that log (xy) = log, x + log, v.

Steps Justifications
1§ glog, (o) = glog, x o glog, v @98, V) = xy and /%% x alo%.? = xy, (property: a'sa ™ = M)_
2 1 as.* x glos,y = glog, x+log, ¥ a™ x " = a™ " (laws of exponents).
31 alowr, o) o glog, x+log, v Equality is transitive (see egqualities I and 2).

log, (xy) = log, x +log, y

af = a9 = p = g (see equality 3.

Justify the steps showing that log, [wﬂ

log, x — log, v.

Sheps Sustivications
aaaga {ﬂ — glog,x = glog, v logn{;'(l - ;E s glog, x o glow,y o (pmper:y: qloga ™ _ M) )
2§ alo% ¥+ glogy = glog,x-log,y a™ = g" = g™ " (laws of exponents).
fog 2|
3ia ba{y'l = qlog, ¥~ log, v Equality is transitive (see egualities I and 2},
41 log, {}%_] =logg x —log, v a? = a¥ = p = g (see equality 3).
~d} Justify the steps showing that log, x" = nlog, x.
Steps Justifications
alog, <" . ( alos, Xy @l08, %) w 5. (glos, xpr = s property: a®%e ™ = M) |
aloB, ¥ — grlog,x {aP}d x aPi (laws of exponents).

LU P ar log, »

Egquality is transitive {see equalities I and 2).

] N =

0
aioga x

aP = g% = p = g (see eguality 3.

nlog x
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PROPERTIES OF LOGARITHMS (continued)

+ Logarithm of a product.

log, xy =log, x + log, y Ex.: log (100 x 10) = log 100 + log 10

#  Logarithm of a guotient.

= log x —log, v Ex.: log ll%QJ = log 100 — log 10

log, [

o [ogarithm of a power.

log, x" = nlog x Exi: log 10% = 2 log 10

@. a} True or false?

1. logx" = {log, x)" _False : 2. log, x" =nlog x _True
b} Calculate .
1. (logl0y? =17=1 - 2. log 102 =2log 10 =2

o Wy = A | .
$_ a) Show th_a‘{. loga .’d; — iloga x. 109.; 'J; =log,_ x p Iogu X,
e 1

b) Simplify. N
. Ioga% 2 2. 10gam "

&. Knowing that log, 3 22 1.5850 and that log, 5 &~ 2.3219, determine

a) log, 15_ 26802 29757 b log, ;1] 0.7369 q log, ( _g;] -0.7369
d) logz 75 4.6438 e) Ogj ‘[“’ $.7925 i 10g2 @ 1.0567
Y . Use the properties of logarithms to express the following logarithms as a sum or difference of

logarithms.

a) §0g7 (3 % 5) fog, 3 + iog, 5 b} log;, (3 % 5 % 7) log, 3 +log, 5 + log, 7

c) O;,;, (_7_] log, 5~ log, 7 d) logj { : ] log, 2 + log, 5 - log, 7
e) logz ii?] fog, 2 +log, 5~ log, 3~log, 7 g) logz (32 < 53) 2log, 3 +3log, 5

g) log, |5  Zlese®-3 005 R) log, [Z272] 2logsd +8 logy 72 legy

8. Write the following expressions as a single logarithm.
a) log, 3+ log, 5 fog, 15 by 2log, 3+ log, 5 log, 45
log, 373“ fog. "??

¢} log, 7 —log, 2 d} log 2 + log. 3 —logs 7
. = 3 :

lo log, ==
e} log, 7 + log, 5 — log, 6 — log, 3 18 f} 3logs 2+ logs 3 — 2 logg 7 Wow
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Q. True or false?

a} log, 8 +log, 16 =7 T b} logy 25 =2log, 5 T

cj log, 2+ 4)=log, 2 +log,4_F _ d) log2 xlog5=1log(2+5) F
log., 16 -

e} log, ["1*5'}: %;:g F f) logs 12 — log, 6 =logs 2 _ T

g) log, (5%)° = 2 log, 5’ r h} log, Cl} = - T

TE. Writc vinterms of @, band c.
abs azblf

a) Inx=1lna+Inb-1Inc e b} lnx:2].na+3]nbmé—"lnc__:J_g__________________

T 7. Knowing that x = log, 2,y = log, 3 and z = log_ 5, express the following logarithms in terms

of x, v and z.

a) EOga:’)O X+ pte h} Eoga—g X+y-z

¢} log, ~1~2§ x-y-z d) log, 12 2x+*y

e} log, 360 3x+2y+z f) log, 22 3x+2y-2

2. Write the following expressions as a single logarithm.

&
a) 41n2x+1n[§ 2 1n 2x = In 16x* +in — - In 4x% = in 24x.
X

log, a® - log, b? + log, & = log, | 82°
b} 3log,a-—2log, b+ 3= P8z & T8 T 0%, Og‘?tbz]

) 5
) . 2llog 22| 1 log x3 = log X2
¢) 2{logx? —log 2x) + 3 logx = _ [ Gt 108X =l08%

. 2x?
fog x2 ~logy 3 + log 2 = log 5~

d) 210gx—~3§0gy+%iog4::

T 3. Write the following expressions as a single logarithm.

x+ 3
a} log, (x+ 3) + log, (x ~ 3) mgﬂi:_g} b} log, (x + 3) — log, {x — 2) figif;i ,,,,,
(- 1)° e
¢ 3log(x~1)~2logx fo ( x* Jﬁ d} log (xz—})—log(x—I)Iog(x+1)’x !

e} In(x*+4+5x+6) ~In{x+3) Intx+2);x=-3

2x+ 1 P
m}:”d

in

f} In (2x% — 5x — 3) ~In (x* = 9)

T 4. Calculate the numerical value of the following expressions.

a) log, 8+ 3log, 42~ 10log; Y3 + 2log; | =-3+12-5:0-4

b) 8log, 2 — 4log, wfé ~2log, 8~ log, 42 _=4-6+6-4=0
2

<} 310gda2+2}oga[i]_S]Ogai =6-2-0=4
@

T%. Knowing that log, 2 = 3 and log, 3 = 5, calculate log, 6a°.

log, 6a® = log, 2 + log , 3 + 3 log, a £ 11
™
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o]y 31 ! f@
J;]wog o+ Ogﬂx-m-— 0g, v = /

log,

T7. Knowing that log, 2 = xand log 3 = v, express the {oﬂowmg in terms of x and v.

a) Og({i%ﬂ log, (2 % 3% < a) »log, 2 + 2 log, 3 + log, am{ffzy%_} )
192 Eogafw—ffgu} = log, {23 x 35 % az)
b ] 4 [ 2333
) Of, -J_ : e
o T,

3% ) e _,
} Fagu[zzazj’;_-?}i 2x-2.

¢} log, [Zgz’

=

« Iflog, x =2, log, v = 3 and log, z = 4, hnd the numerical value of log, {
Q@

-3 log, x+210ga§;+-—-Iogaz~v2!agaa"0j

‘Eg Show that: Iog (x} = —logc l}.
v X
fog, [{;5] = éagc{i—} =] logﬂ—i'w

i

2. Show that: J‘Ogi(X): ]ggc[i].

¥y
Let: y = log, {x). We have: [1] =xorcV=xorc' =1L that is to say y = log, .
e [+ X X

Thus, log, (x} = log, [:!L]
" X

a} Given three positive numbers ¢, m and x different from 1.
log,, x

Justify the steps showing that: log_x = i

og, c
Steps Justifications
1 fvyve= logc X4 =x Definition of a logarithm
2 log, ¢¥ =log, x p=q log, p=log,q
3 y Iogm c = log,, x log,, ¥ = v log, c (property).
log,, x
4 V= Fgm—c— Isolate y.
log x
5 I'Thus, log X =g Since y = log, x (step 1).
0g,,¢ c
b) Use a calculator to verify that
log 8 In§
1. log, 8 = B2 2. log, 8 =22
&2 log 2" &2 n2
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CHANGE OF BASE LAW

¢ iven three positive numbers ¢, m and x difterent from 1, we have:

This law, called the chanige of base law, enables you to calculate the logarithm of a number in
any base using the log and In keys on the calculator.
log 3

Ex.: logy3 = {2 = 158496 or log, 33158696

@ T . Use a calculator to evaluate the following (round to ‘Lhc nearest thousandth).
a) log, 5 _#322 b} log, 2 .2 437 = ¢} log, 2 2178 M

£ . Show that

b loga
log, b x log, a =28k Joga
14 B [
a) log, b xlog,a=1 og e log b
o degx _ logx _ logx __logx . .f
logg x ; r;] fog 1 —lege «log e tog og, X
OQ[‘:

b} log,x = —log x

I = Jogx _ logx . legx _
. log, [x =log, I -log, x logc Toacl ", {l] !og%x
¢} log, [;}tlogix il P
2%, True or false?
a) loglaxb)=logaxlogh F ____ b} log(a+b)=loga+logh _F
¢} log [EiJ = loga F - d} loga® = {log a)® F
bj  logh ;
e} loga+logh = logab T f) loga —logh=log % ; T
1 loga
o T T
a) log — = loga hy b =log, a
@4. a) Determine the real number % such that for any real number x fmm R we have:
log x = kInx. [og > - bode
log x = {115 (change of base law). k = 315 /, L
b} Define the geometric transformation which enables you to obtam the graph of y = log x
from the graph of y = In x. /L sk
P

(< 9} [ ’mmy}

2% . Use the properties of logarithms to calculate

a) log, 2% +log, 2 — log, 8 _ 2 b} log, (log, 2) 0

<} log, (log, cf) = 1 d} log, [ Iog}(c) o
2&. Simplify.

a} Inex _x b} elnx x ¢} erinx  x
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Conm:der tho G(_guatmn 1()g (x 41

defined.

f al E@&satmns Emmﬁmg Eagarmims ?@m& iag P=q
: 1 — log (x - 2)

a) Determine the restrictions that the variable x must respect for both sides of the equation to be

x+I¥I>0andx-2>0 = x>-1andx>2

b} Justify the steps in solving this equation.

Steps

Justifications

log (x + 1) + log (x
log x4+ 1) (x~2) =1
(v + 1{x — 2) = 10
X x = 2 10

X -x—12=0
HE(x+3)x 4y =0
Tix+3=00rx—4=0
Bix=3orx =4

| T A

L{.

1¢

Thus, S = {4}

We refect the solution x =

log (x4 1) =1—log (x - 2)
2y =1

-3

Add log {(x - 2} to each side.

Apply the properiy: log a + log b = log ab.

log . p=q & ct=p

Expand the left side.

Subtract 10 from each side.

Factor the non-zero side.

Apply the zero product principle: ab =0 a =0 orb =06
Solve each equation.

&ee resirictions in aj.

Establish the solution set.

EQ[B&?&@&

memm mmwm seﬁmf_agc p =i

W h €11 S(}IVH’L&, an e quatmn involving log,drlthms in the same base

determine the 1est1;ut10ns that the variable x must re spect for both sides of the equation to

_:ébc defined. '
“{ide the properties of logarithms to get the form log p=aq.

use the cquwa le e e

1053{13 q@cq—wp

detmnme the aoiutlons th at fespe ct the restrictions.

;-Ifzzhx (3(‘(‘ activity 4.

Z7F. Solve the following equations.

186

a) iog6 (x — 5) :xZ /L i.OgG x

Restrictions: x > 5 and x> 0

b} og(x%a)m}——iogx

Restrictions: x > -3 and x > 0

5 ={9}

5= [2)

¢} log, (x + 1) + log, (x — 1} 4 —

Restrictions: x > -1 and x > 1~

d} log, (x + 2) = — log, (x ~ 1)

Restrictions: x > ~-Z and x > 1

={3}

= {2}

Chapter 4 Exponential and logarithmic functions
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a} Justify the steps showmo the Lquwalence iog U lt)g vy

lOg . fog 1 OB o Hog v p=geal =gl
e ou =y Property: a'©%M = M

b} Consider the logarithmic equation In {(x + 2) = In (=x + 6) + In (x — 1).

What restrictions must the variable x respect for both sides of the equation to be defined?
x+2>0and-x+6>0andx~1>0 thatistosayx >-Zandx <6 and x> 1

€} Justify the steps in solving the equation In (x + 2) = In {(~x + 6) + In (x — 1).

Stens Justifications
n{x+2)=In{=x+6)+1In{x-—1)
Foiln (x4 2) =1In (o + 8) (2~ 1) Ina + In b =In ab {(property).
2 (x4 2) = {2+ 6)x ~ 1) log, u =log ves us=v.
3 XA 2= -x? e Tx 6 Expand the right side.
4 e X 8w O Write in the form ax® + bx + ¢ = 0.
5 (x — 4¥x — 2y =0 Fuctor the non-zero side.
b fx=4dorx=72 Apply the zero product principle: ab = 0 = a = 0 or
b =0
7 & The solutions are valid. The solutions respect the restrictions established in b):
Thus, § = {2, 4} x>~2 and x < 6 and x> L.

msmmss i&WOWﬁN@ iﬁGﬁRETﬁMS mm Zog u

“When solvmg an equation znvo}\mg 1ogxar1£hms i the same ’[msa
— determine the restrictions that the mrm}nie x niust rt spect for both sides of the equation to

be defi m‘d

= uset ha propertlex of lggar1thms to get ! thv f{*srm iog_ w= h);; v.

— use the equivale nce: logr u=log veu=v.

~ determine the s0] u‘uons that respect the restrictions:
Ex.: See ac t1v1ty *‘5 '

Z8. Solve the following equations.

a} log(x+1)=log6 - logx B} n{x-2)+In3=h{x+1)
Hestrictions: x > 0 and x > -1 Resirictions: x > Z and x > -1

¢j log, (x+1) —log, 2 =log, 5~ log, (x - 2) d) In(x+3)~Inx+D=h(x-3)-Inx-2)
Restrictions: x >~1 and x> 2 Restrictions: x> -3; x>~-1; x> 3: x> 2
S = {4} §$=0
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28. Solve the following equations.
a) logs {x +2) +log; (x— 2) — logg 4 =log. 3 b} log, (& — 4) — log. 4 = log. 3

Hestrictions: x > -2 ond x> 2 Restrictions: x ¢ J~w, ~2[ U ]2, +oof
g =4} S={-4,4

¢} log {x-+2) = 1+ log. {x ~ 2) dy log (2 —4)=1
Restrictions: x > -2 and x > 2 Restrictions: % ¢ Jrom, ~2[ U ]2, woof
5 ={3} 8={-3 3

Z0. a) Solve the equation log, {x + 1) + log, (x — 1) :::%f__/3.
Restrictions: x >~ and x> 1; 8 = {3} e

b) Solve the equation log, (x* — 1) :3 _
Restrictions: x5~ 1 > 0 o x & J-o, 21[ U JI, +<f; § = {-2, 3}

¢} Explain why the equations log, (x + 1) + log, (x — 1} = 3 and log, (x* -~ 1) = 3 are not
equivalent.
The equations do not have the same solution set.

Exponential equation — Form o

= 2%+ 1 contains powers with different bases.

The exponential equation 3*
Justify the steps to find the solution.

Steps ' Justifications
51 o xt ]
1 In3*- ! =In2*t! a=boina=Iinb
2 (x—1)In3=(x+1)In2 log, b" = n log, b (property).
3 xIln3 —In3 =xIn2+ In2 § Distributive property.
4 x(ln 3—1In 2) =In3+1In2 Isolate the terms with x.
5 xln[%}mlnG Ina-§nb=i‘n{% and In a + In b = In (ab).
6 x = 16 Divide each side b hz(ﬁ)
T Il Yy
7 x = log,6 log, u = Inu
2 « in a
Thus, S = {log%ﬁ} Use the change of base faw.
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EXPONENTIAL EQ%ME@N ?@W&E (z” = 57”

The use of logarithros enables you to solve an exponential equation wmd ing powers of
\ F 4 i
iiiﬁt TNt i) S5EY.

Ex.: Solve the equation 3%~ 1 = 20+ 1,

1. Use the equivalence 3= Pt
a=b e lna=1Inb In3%=1 = ]n2r+1
2. Apply the property: log, b" = nlog, b. (x—~ 1} In3 =(x+1)In2
3. Distribute and isolate the terms with x. xIn3 ~In3=xln2+4+1In2
x(In3 ~In2)=In2+In3
4. Apply, if necessary, the properties: x ln[g] =1n6

ina+inb=lnabandlna—-Inb= 1n§~.

3

. Iné
. Determine x. X = Tn“ﬁ
5
6. Use the change of base law if necessary. x = log,6
ina log, a. Thus, S = (log,6
Inb 3
2% . Solve the fo]lowing exponential equations,
a) 3~ — px+2 L g§i-x ‘ 3]
51 o L g
{!ogg 12} éﬁg 5 = Iogg} LT A
2

F&. Solve the following equations.
a} 5%+ 5°— 6 =0 (hint let y = 5%)
V+y~-6=0;y=-3andy=2;8 ={log, 5]
b} 9% — 5(3%) + 6 = 0 (hint: lety = 3%)
y2—5y+6=0;y=20ndym3;8={1,10932}

2&. Julian invests $1000 at an interest rate of 8% compounded annually, One year later, Julie also
invests $1000 at an interest rate of 10% compounded annually. After how many years, since
the beginning of Julian’s investment, will Julian and Julie’s accumnulated capital be equal?
{Round vour answer to the nearest tenth.)

i: number of required years. I00O(1.08} = 1000(1. 1) -1

After 5.2 vears.
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valuation e
. } . - . . ot ¥
: T. Consider the function [ I -4 o
a} Represent the functon [in the Cartesian plane.
X -1 0 1 2 3 4 : i
v (~12F-4 P O | 2 F 3 (3.5 617 B
b Determine
1. domf B 2 ranf 54 3 gero of {1
A, sign of {_fx} = Oifc e Fo, 1k R
9. varjation of f. _ Increasing _ 6. the initial value of f 4
L 7. the equation of the asymptote.  p =4 e S
;:’T ﬁw Consider the function fx) = 3 log, 1, {x 4+ 37— 3 o by
l " - S - .
a} Represent the function fin the Cartesian plane.
x =251-21-1 1 5113
v i-9 6i-3lo0l 36
BY Determine
Todom o B3 w20 vancf % 30 zeroof {1
4. signof f,  Jo= Ui xe -3, 1
Fflxra= Odfx = 1, +xf
5. variation of f.  Inecreasing i
6. the initial valae of £ . 3log, 3-8 e N
7. the equation of therasymptote, ¥ '
. Find the domain of the following functions. .
: et T op P , : = e
a} flx) = E[EJ S 2 D } ............... by flxy =T in{(2x 1y 3 (2 ’
G fo) = low-2x 1 6) 1 7y f) S log, (7 - 0y S T3
U & Solve the following cquations,
&) 32724 =0 B} 35 6= 0 ) 20374 1 =0
& ={3} & = {log, 2} &=
dj 3log,x—6=10 e} Zlog,x+4=0 f} 3log, (x— 1) ~4=0
{1 ;
o1t celny o)
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B. Solve the tollowing equations.
a} log, (o 3+ log, x = 2 b} In{x~ 1t dnixd 6y =Inil0 - x
H&?Sfrﬁ{:ﬁ{ms: X = % _m&d x = £} Fi‘ersﬂ”s:{s‘iwm: 2 Foo o e * < R
S=i4 ) 5 =12]
q‘;} el g d} 2\ ::J -3 *:5‘: i b=
£ = {zgg‘g {;} ii@gs !};

Determine the equation of the asymptote of the following functions.

&E f{?(} = D3 Ty g ﬂ——-»«{i o h§ f Zin (7 -

Dretermine t.hc;;‘ range of the tollowing functions,

al flx) = -3 i granf = e B By flix) =2 log (Zx — 5y = ) ranf =R

Dretermine the zero of the tollowing functions.

a) flx) = 203y~ 4 logy 18 - by R -2 log, {71 hy+o 2
. Study the sign of the following functions.
3
Hx) = O if x & J-=, 5] e Jlc) = O if s 2, 4}
Fx) = 0 if x =[5, 4of | fxcb = O if o f4,
0. study the variation of the following functions. ;
. . Y2z e L. . ) . . b
a) flxy = =5 }WJ 4 2 _fis increasing b} flxy— -2 i{)g_ (g 4 1] -+ & decreasing
e 2 Srer i ’ i ’ aver the
. i - . i . R B domain.
% 1. Find the inverse of the followin g functions,
a} v =2(3)200 114 by v 5 log, 3(0x - 1) - 10
_ ¥ kg ) 1 Zie v 1GF
y~~5.§og32(x 43+ yo= o 25 + 1
T2. Find the rule of the prm]umdl function passing through the points A{l, -5 and’
B(2, —11} and having the line y = 1 for an asymptote.
= ~F(Z¥ + I
T 3. Alogarithmic function has 3 zu]e of the form v = iug (x — h)+ ko lts graph passes through
srapig 3
the points A(4, 25 and B(10, 3) and has the line x = 1 for an asymptote. Find the rule of
Lhi‘; function.
= log3 {x -1} + i
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T4, Knowing that x = log 2;v = fog, 3 and z = log 5, express the following logarithms in
rerms of &, v oand 7.
1 - . .
' a} log 6O “Ex+ptz e DY dog 2 GE T EV-CE
TE. Knowing that tog x == 2 and log, v = 3 caleulate the numerical value of the following
logarithms. ‘
a) log x'y’ 12 . b} log, 1 ] |
T6. Write the following expressions as a single logarithm.
v
a) 2log3 +iog2 ~log 6~ logd fog 4
by 3lnx— ZInx’ + Inx’ n .
¢b oy (" — 1) = log (6% — 3x 4+ 23
d} In{(2x° - 3x 2y~ Zlnix- 2]
I BF. 1o 2 laboratory experiment, there are initially 12 insects. We notice that the number of
! insects doubles every 3 days.
a} What is the rule which gives the resulting number v of insects as a function of the
~ N ) ' + . v, ! £
rmber f of davs since the beginning of the experiment? v =12(2)3 S
b} After how many davs will there be at least 6144 insects? 27 days
2 L
2E. The formula cir = fﬁ{ i ii gives the accamulated capital after ¢ years of an initial
L [
capital ¢ invested at an annual interest rate § compounded n tinies per year.
a} A capital of $2500 is invested at an annual interest rate of 6% compounded monthly.
What will the accumulated capital be after 5 vears? $3372.13
b} How long will it take for a capital invested at an annual interest rate of 8%
. . - . 2t
compounded twice per vear to double its value? 2 €o = € (1 + 0.04)%;
t = log, ;. £~ 8.84 years. The capiial doubles after 8 years and 18 months.
$8. The population of a village decreased by approximately 2% per year since 1990, In the
_ year 2000, the village had a population of 2500,
' a) What was the population of this village in
1. 19957 2500(0.98)5 ~ 2766 people. 7. 20077 2500(0.98) = 2170 people. -
b} If the rate of decay is maintained, in what year will the population of this village be
equal to halt the population recorded in the vear 20007 In 2034
20. The number of bacteria triples every thirty minutes in a culture. Four hours after the
beginning of the experiment, we observe 32 805 bacteria. How many bacteria are there
in the culture 1 hour and 15 minutes after the beginning of the experiment?
v = af{3)* (¢ in hours); a = 5: y = 5(3)?% = 78 bacteria.
There are about 78 bacteria, I h 15 min after the beginning of the experiment.
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