3 14 Square root function

MAcTIviTy 1 square root function

Consider the function f defined by the rule f(x) = Jx . vk

a) What condition must be placed on x for 4 to exist in R?
x must be positive or zero

b) Complete the following table of values.

x]0l 114109 0f 1
yijol|l 1] 2] 3

¢} Represent the function f in the Cartesian plane.

d) Determine

Y

1. domf: R, 2. ran'f: ! R,
3. the zero of f. 0 4. the initial value of f. 0
5. the sign of f. f(x}= O overR,.

6. the variation of f. f 7 overR..

7. the extrema of f minf=0

- BASIC SQUARE ROOT FUNCTION
* The function f defined by the rule:
fix) = 4z

~ Variation of f: fis increasing, ¥ x € dom f
The function f has a minimum equal to 0

is called the basic square root function.
s We have: 14+

dom f=R, ranf=R, ol 1 =
The zero of fis 0. The initial value is 0. Th = £0 (0, 0) is the vert

. : ) = : - ) x - & pOoLY 0 is the vertex -
Signof f: fix) = 0,Vx€domf : of the function

2=

1. Consider the basic square root function f{x) = N
represented on the right.

Using the graph, find the values of x for which

a) fix)=3 x=9

b) f(x) =1 xe [1, 4oof

) O<flx)<2 *clo 4

d) f(x) <0 None since the function is never strictly negative.

e) 1<flx)<3_ x€l1,9

¢ Chapter 3 Real functions © Guérin, éditeur ltée

IH\: '—-i

AR

L0

SIEERNEEIEVEVE W)

!

R
|

b b i i i

nNANNNANNN DD
[

o el i b

Y
e

i
[

ot

N

!

H

Hr
o

W

Yol

b
=]

"
]




-
J!!U U

LUULLLT

=
[ ¥

auRbbbiiil

j

R L R TR SR AN AR AN A

LI

PACTRYITY 2 square root function f{x) = afbix—Fk) +k

The basic square root function f(x) = +fx can be transformed
into a square root function defined by the rule

£(x) = aofb(x — h)+k |

a} Consider the basic square root function fx) = x and the

Square root function g(x) = a4 .
Represent, in the same Cartesian plane, the functions
800 =2+x,g(x) = 2 Vx andg(x) = - and explain how

to deduce the graph of & from the graph of f when
1. a>1; by a vertical stretch.

: K s
Tooares TN

2. 0<a<1l;_ bya vertical reduction.

3. a=-]: by a reflection about the x axis. .

4. Complete: From the graph of f(x) = fx » we obtain the graph of gx) = ax by the
transformation (x, y) — (x, ay)

5. Is the graph of g(x) = a+x located in the 1st or 4th quadrant when

1) a > 07 _1st quadrant 2) a < 0? _dth quadrant

b) Consider the basic square root function f{x) = +fx and the
square root function g(x) = .

Represent, in the same Cartesian plane, the functions &

&) = 2, &(x) = J;l; and g (x) = v=x and explain how

g

ki

to deduce the graph of £ from the graph of f when
1. b>1: by a horizontal reduction.
- 0<b<1:_ byahorizontal stretch.

2
3. b=-1: by a reflection about the v axis,
4

- e AN,

Wy

. Complete: From the graph of f(x) = -J;, we obtain the graph of g(x) = «bx by the

transformation (x, y) — B Y

5. In which quadrant is the graph of g(x) = 4t when

1} b > 07 _1st quadrant , 2) b<? 2nd quadrant

6. What can you say about the graph of the function y = 24/x and that of the function

¥ = 4x? Justify your answer.
They are the same. In Ffact, -J4x = -JZ . J; = 24; (property of radicals).

© Guérin, éditeur ltée 2.4 square root function 101




) Consider the basic square root fynction f(x) = +x and the Y4
square root function g(x) = «fx — k.

g(x) = -Jx—.Z and g,(x) = .Jx+3 and explain how to //11"
deduce the graph of g from the graph of f when 5
1. h > 0: _by a horizontal translation io the right, ‘

\
&
Represent, in the same Cartesian plane, the functions i "'////g’
1
"

2. h < (: _by a horizontal translation to the left.
3. Complete: From the graph of f{x) = +/x, we obtain the graph of glx) = -Jx —h by the

transformation (x, y) — (x +h, y)

d) Consider the basic square root function f(x) = +x and the YA ks
square root function g(x) = Jx + k. /
Represent, in the same Cartesian plane, the functions o W
gx) = Jx +3 and &(x) = Jx—2 and explain how to '
deduce the graph of g from the graph of f when 5y .

1. k> 0: by a vertical translation upward. R ] *{ri
2. k< (Q: by a vertical translation downward. /

L
3. Complete: From the graph of fx) = «fx, we obtain the

graph of g(x) =+/x + & by the transformation (x,y) » xy+k

SQUARE ROOT FUNCTION f(x) = a 5z ) + k

The graph of the function f{x) = a,‘ir(x — h) + k is deduced from the graph of the basic square
root function y = «fx by the transformation

(x,y)—+(%+h,ay+k)

Ex.: The basic square root function y = 4x and the
square root function

=-2 "-;-(x —1) + 4 are represented on the right.

The rule of the transformation applied to the graph of the
basic square root function is:

(x,y) = (2x+1,-2y+4).
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2. The following functions have a tule of the form f{x) = aybix —h) + k.
hG) =34, fy(x) = ¥2x, £, = 7 7 4, £y () = 4 4.1 and f(x) = 24f3(x — 1) — 4.

Eo(rinplete the t?ble 01;1 gje right albhlk Kule
¥y determining; for each function, — _
the parameters 4, b,  and k and by 5h@) =34 21110101y = tx 3y)
giving the rule of the transfor- |f,(x) = y2x 11200 |t y— (%’ 5’)
mation which enables you to ) =x 1 4 1|1]-4f0]tcw—(x-4, 5
obtain the function from the basic £) = Vo 11 2l F1 01 Pl P 2
function g(x) = x. —= —r Tyt
fs(x) =2 3(x—-1)—:4 21311|-4 (x,y)——r(%+1,2y'-4)

3. In each of the following cases, we apply a transformation to the basic square root function
fix) = Jx. Find the rule of the function obtained by a lying the given transformation,
Y App

a) (% 3) = (x,y) _v=4x b) (x,y)——»(x—S,y-p-Z) y=vdx+5 +2 -
9 (x,y)ﬂ[—;‘-, ] v=5x d) (x,3) - (x, -4y) y=-afx
&) (13) - (2, -6y) Y7 6{3x D (o3) = (243,39 5) 3905 -5

4. Consider the functions fix) =y dnd glx) = -21/21(:: +1) + 3. vA

a) Give the rule of the transformation which enables you to
obtain the graph of g from the graph of f \ _
v (2x-1, -2y + 3) f

‘l —t
b) Draw the graph of £ from the graph of f.

ACTIVITY 3 Graph of a square root function

Consider the function Ax) = 61_ ‘/—%{x -1) - 3. y’;f

a) Identify the parameters a,b, hand k.
@=6,b=-2 h=1andk=-3

b) Write the rule of the function in the form - f

af\ x
fix) = a.J—(x —h)+ k. i
ix) =6J-§rx -1} -3- GEJ-(':: D -3=3/(x-7) -3
€) What are the coordinates of the vertex? Vi1, -3) x 1-3]lo]1
d) Represent the function fin the Cartesian plane after completing the 3]lol-3
following table of values.

e) Whatis the zero of f# 0

© Guérin, éditeur [tée
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A\ETIVITY 4 Finding the zero of a square root function

a) Consider the function with the rule:y = 23x+1) +6.
Justify the steps in finding tHe zero of this function.
_z,ﬁ(m +6=0 Replace y by 0.

3(95 4 1) =3 Isolate the square root.

3(,5 + 1) =9 | Square edch side of the equality.

x+1=23 Divide each side by 3.

Subtract 1 from each side.

x=2.

b) Under what conditions does the zero of a functiony = a."b(x — h)+ k exist?
If a and k are opposite signs or iflc=0.

AETIVITY S Study of a square root function
Consider the function f with ruley = —-—12-4495 +12 + L

a) Write the rule in the formy = adx —h + k.
v = :;-J'4f‘x_+ 3) +1=—x+3 +1 _ M

b) Graph the function f. \

wY

SYBEBPETa IR e,

¢) Determine

ARIRIEAEARA R AR AR AR AR A oD

1. dom f= [-3, +f 2. ranf= J=, 1] 1

3. the zero of f (if it exists). -2 : 4. the initial value of f. -3 +1 i

5. the sign of f. f(x) = 0 over [-3, -2}; f(x) < 0 over [-2, +~[ ]

6. the variation of f f 7 never; §~ over [-3, +=[

7. the extrema of f. max f =1 :;
~3
=1
o)
. i
o
e
-
e
-
/a*ﬂ

: L%
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STUDY OF A SQUARE ROOT FUNCTION
‘Consider the square root f with the rule:

fx) = afblx ~ )+

We have the following four cases:

YA
a>0,b<d a>B8,b>0

* domf=[h +=[ifb> 0; ran f = [k, +»[if a > 0;
dom f==]-o, ] if b < 0. ran f= |- k| ifa < 0.
* The zero of f exists if a and k are opposite signs or if k = Q.
* To study the sign of f,
— we find the zero (if it exists),
- we establish the sign of f from a sketch of the graph
® Variation
If ab > 0, f is increasing over the domain.
If ab < 0, f 15 decreasing over the domain.
¢ Extrema

If a > 0, fhas a minimum. min f = k.
Ifa < 0, fhas a maximum. max f= k.

Ex.: Consider the function fix) =24x +4 +3(a=-2,b=1,k= —4, k= 3).
* Vertex: V(—4, 3)

Vi-4, 3) i
. domf—[—4 +ao[, . ranf=]-x 3] \ !

Rj
w
I

+ |+
N
i

¢ Initial value: y = -1
¢ Sign of f: x) = 0 over [—4 ;1J' flx) 0 over '[-%', +oo=[.

¢ Vanation of f: fis decreasmg, Vx € dom f
] maxf 3.

..|_
2] K
HooH
| slonNw oS
i~
ald
4
/
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5. Write the rules of the square root functions in the form y = adx —h +kory=ad-{x—~h) +k

a) y=-24%+8 +3 b) y=249%-36+4 ..
p=-ddx+2+3 y=6Jx-4 +4
Q) y=_%4 18 — 9% +1 d) y=-% 2 —4x +7
y=-2H=x-2] +1 y=-%4-[x-é—]+7
6. Represent the following square root functions in the Cartesian plane.
a) y=-24x+5+2 b) y=o44x+8~3
yi yA
\ 1= 1w
Q y=-242x—4)+3 d y=J2Ax-4) -2
YA YA
| -\-
. L . L N

=Y
[ =)
R‘F

7. Consider the function f(x) = 24x + 4 — 2.

a) Graph the function f.

b) Study the function f.
dom = [-4, +=f ran = [-2, +oof
Zero: -3; initial value: 2
f{x} = 0 over [-3, +[; fix) < O over [-4, -3]
f72,¥xe dom f
min f =-2

o -
rY

¢} Using the graph of f, solve the inequality
1. f(x) =2 _10, +=[ 2. flx) <4 _[-4, 5]

106 Cheapter 3 Real functions © Guérin, éditeur ltée
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8. Determine the domain and range of the following functions.
a) y=-2+46—3x + 4 b) y=344x+2 -1

dom = J-», 2]: ran = J-o0, 4] dom = [--5—, +;ao(,- ran = [-1, 4oof

9. Determine the zero and initial value of the following functions,
a) y=-3+6—4x +9 b) v=2J4x 1 1

zero: -%:—, iv: -346 +9 - zero: -1%, i-v.; does not exist

) y=2+dx—5+4 d) y=-28x+1

No zero, i.v.: does not exist Zero: -%, i.v.: -2

10. Consider the absolute value function flx) =
gx) =3 1/%(35 + 4} — 5. Determine

a) gof(4)=__1 b) fog(-2)= -12

~2|6 ~ 2x| + 8 and the square root function

11. Determine the interval over which each of these functions is positive.

a) fx)=34x+5-6 b) fix) =26 + 4x + 4

flx} = 0 over [-1, +oof f(x) = 0 over [-—g- -%]

Q) fx)=A—x+5 d) fix)=342x+8 -1

fix) = 0 over J-w, 4] Sflx) is never positive

12. Solve the following inequalities,

a) —24x+3+220 b) ¥3x+4 <-1

8 =[-3, -2] S=0p

Q) 52—_x>4 d) {3x+8>0
S = l—mﬁ ;

" 25 8 = ]-16, +oof

13. Determine the interval over which each of these functions is increasing.
2) fix) = 342w D) +5 b) fix) = —2 3z 7 4)

F is never increasing f 7 over J-e, -4}

© Guérin, éditeur ltée
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T A, Study each of the following functions

and complete the following table.

| filx = -z.J-;-lea +8

fixd = 34x-2-1 i) = f2=x 41 | fitd=-24x +8
Domain 2, +oof [-4, +oof F=, 2f Fe=, 0]
R-ange ["19 +°°[ J—OO’ 6} [1’ +°°I }_w! 41
Zero % 14 does not exist -4
Initial value does not exist -Z-JE +6 E +1 4

Sign J(z} = 0 over —192, +°°{ fi(x) = 0 over [-4, 14] Ffx) = 0 over }==, 2] | f(x) = 0 over [-4, 0]
fix) < 0 over |2, %’ Ji(x) < 0 over J14, 4=f fx) < O never Fix} < 0 over }-w, -4f
Variation F » over [2, +oof F 7 never F 2 never f 7 over }-=, 0]
_ f Y never Iy over [-4, +«f fY over }«, 2] F Y never
Extrema min = -1 max =6 min = 1 max = 4

MAETIVITY © Finding the rule of a square root function
Any square root function can be written in the form f(x) = asfx — h + k or f(x) = aJ—(x —h) +k.
a) Consider the functions f(x) = 342x + 4 —5 and g(x) = 54—4x + 8 — 1.

Write the rule of each function in the formy = avx —h + kory = aJ—(x —h)+k.
f(x) =342(x +2) -5=3J2.fx+2 -5andgfx)=54—4(x-2) -1=104-(x-2) -1

b) We consider the function represented on the right.

1. Which of the tworulesy =a+x — h + kory = a.‘l—(x —h)+k
corresponds to the graph of this function?

ye a‘J-(X-.h) +k

2. Identify hand k. h=-2, k=-1

3. Determine a knowing that the coordinates of the point P(2, 3) N(—i Ty

ya

/{-

verify the rule of the function.

v=a

‘J.x+2-1

"

of ¢

Swagd2+2 -1

4 =2a

a=2

4. What is the rule of the function?

y-24x+2-1

108 Chapter 3 Real functions
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=
|
= ¢) Consider the square root function whose graph has a vertex at 9§-2,5 y)
.-*3 V{(2,-1) and passes through the point P(-2, 5).
.‘Q 1. Which-of the two rules y = adx —h +k ory = aJ—-(x —h)+k
..-.;" corresponds to the graph of this function?
) y=a-J-(x-h) +k | I
B 14
= 2. Identify hand k. h =2, k=-1 : — -
.' . | . r ) 0 4 pe
] ) 3. Determine a knowing that the coordinates of the point P(-2, 5} v(2,-1)
-:;:9 verify the rule of the function.
= veaf{x-2)-1;5=a/(-2-2)-1;6=2a;:a=3
.;;) 4. What is the rule of the function? _¥ =34~x~-2) -1
:;J d) What is the domain of a square root function if its rule is of the form
.:3 1. fix) = ax — h + k._dom f = [h, +=[ 2. f(x):aJ—(x—h) + k . dom f =}, h]
)
1§
. - FINDING THE RULE OF A SQUARE ROOT FUNCTION
[?; Any square root function can be written, depending on its dormain, in the form:
'Q flx) = adx —h+k .‘ ) " or flx)= a-J. —{x—h)+k
‘; The vertex V and a point P are given. i
'3 1. Determine the form ofthe rule, y= avx —h + k or y= af—(x — 1) +E,
': - 2. Identify parameters k and k. _
l;) 3. Determine a after replacing, in the rule, x and y by the coordinates of the point P.
N 4. Deduce the rule
-~ . :
[ N Ex.: a)
2 -
B
-
5
-
"5 N
B ; ,
-; . y=avx—h+k 1. y=af{x—h) +k
l_; 2. y=ayx +2 +1 2. y=»=aJ—(x—1)+2‘
o 3. 2=a2 42 +1 3. l=af<-1-D+2
‘8‘: l1=2a ~l= aJ-Z-
1 -1 42
: - =2 a=F""2
-3 4 rule: y=Lfxt 241 4. rule y=——% [ —1) + 2
-
:’Q ory=-zJ-2(x-1)+2
-
N
- .
-"3 © Guérin, éditeur Itée 3.4 Square root function 109
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1 5. Find the rule of each of the square root functions given its vertex V and 2 point P on its graph.

a) V{5, 3) and P{9, 3.5) b) V(-2,~1) and P(—S,_—A)
y-%4x-5+3 yr-—-g- x+2)-1

¢) V(-2,4) and P(23, 2) d) V{5, 3) and P(-13, 5)
y--% x+2+4 _ y-%m+3

ACTIVITY ‘? Inverse of a stjuare root fumction

Consider the function f(x) = 2Jx + 3 — 1.
a) In the same Cartesian plane,
1. graph the function f.
2. deduce the graph of f-1.

b} Complete: The graphs of the function f and its inverse f-! are
symmetrical about the bisector of the 1st quadrant

¢} Istheinverse -1 a function? Justify your answer.

Yes, because any vertical line only intersecis the graph of f! in at most one point.

d) 1. Determine
Wdomf E3 +°l  2yranf L+l 3)domf! [ +=[  4) ranf-!__ [3, +=[
2. Verify that
1) dom ! =ran f_True 2) ranf!=domf_ True
€) Justify the steps in finding the rule of the inverse function f-1.
1. Isolate x in the equation ¥ = ZJx-l-_3 ~1,

y+1= 21lx + 3 Add 1 to each side.
1 ,
s+ Y =¥x+3 Divide each side by 2.

1 2 _
s+ =x+3 Square both sides.

S+ -3=x

Subiract 3 from each side.

2. Interchange the letters x and y to obtain the rule of the inverse.
You get: y=%(x+1)2—3 :

3. What restriction must be set on the variable x? Justify your answer.
x = -1 since dom ! =ran f = [-1, +x[

The inverse of the square root function y = Z-Jx + 3 - 1 is therefore the function
v=itx+1-3 (x=-1

The graphic representation of the inverse corresponds to a semi-parabola.

110 Chapter 3 Real functions © Guérin, éditeur Itée
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INVERSE OF R SQUARE ROOT Fﬁﬂﬂiﬁﬁ

The inverse of a square root function is a function whose graph is a semi-parabola.
Ex.: f(x)=24x+ 2 —1 has the inverse:

fio=q6+1 -2 @=-1

Note that dom f~! = ran f= [-1, +%]

The graphs of fand f- are symmetrical about the bisector of the 1st  *~
quadrant.

1 6. Determine the rule of the inverse of the following functions and indicate the domain of the

inverse.

a) y=2x-1+7 " b) y=3x+4-1
9=§fx-7)’+1=d°m=f7' +oof y-—;—(x+1)2-4;dom=}-oo,-11

) y=44~(x+3)-2 d) y=-2J<x-5) +4
ve=-l(x+2)2-3 ;dom =[-2, +of v ._%(,,..4,“, 5 : dom = J-», 4]

17. At awater park, Raphael is getting ready to go down a  Height4
slide, m)

The function frepresented on the right gives Raphael’s

height h (in m) as a function of elapsed time t (ins) "2}

since his departure. '

At what instant will he be at a height of 4 m?
h(t) = -2t + 12; after 16 seconds.

Bl % Time
(s)
18. The lateral view of a solarium is represented by the graph on the ]
right where the glass ceiling follows the curve of a square root .J;
function. A light is located at the centre of the room as indicated
in the figure. Determine at what height the base of the light is 8m
located. (Round your answer to the nearest tenth. ) o
V0, 4);y =avx +4; P(9,8);y = $dx + 4.
When x = 4.5, the height is v = 6.8 m. 9Im
© Guérin, éditeur ltée 3.4 Square root function 111




19. A company’s logo is drawn using the graphs of two square root
functions as illustrated in the figure on the right. The com-

112

pany’s name is limited by two line segments.

a) What is the length of the upper segment?

Rule: y = 2Jx. When y = 3, x = 2.25 cm. The length of the upper segment is 4.5 cm.

b) What is the length of the lower segment? 2cem

The flight of a bird is observed from its takeoff at £ = O from
a 150 m high tower until it reaches the ground at ¢t = 625
seconds.

The bird’s flight is described by two square root functions
represented in the figure on the right.

The 1st stage of its flight lasts 400 s and is described by the
rule y=-34t + 120 where t represents the time, in
seconds, and y the height of the bird, in metres.

At the instant t = 400 s, the bird begins the second stage of
its flight.

1st stage of the flight

4

v 2nd stage of the flight

At what height will the bird be 500 s after the beginning of its flight?

y= 4t — 400 + 60_ It will be at a height of 20 m.

Chapter 3 Real functions
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3 | 5 Greatest integer function

ACTIVITY 7 Basic greatest integer function

a) The greatest integer of a real number x is represented hy [x].
1. What is the definition of the greatest integer of a real number x?

The greatest integer of a real number x is equal to the greatest integer less than or equal to x.

2. Calculate
1) [3.76] _3 2) [-1.25] __ -2
3. In what interval is x located if
Nid=2_xcl2 3 2) [x) =-2 _x=€ -2, -1{

b) 1. Graph the basic greatest integer function f{x) = [x] in the
Cartesian plane on the right.

2. Determine
1} domf _R 2) ranf z

ACTIVITY 2 General greatest integer function /(x) = a[b(x — h)] + k

The function fix) = —3[;:12_(;\; + 4)] + 6 is represented on the right.
a) Identify the parameters a, b, h and k.
a=-3,b=4,h=-4,k=6

b) Verify that .
1. each step has a length ofﬁ. 161 =2 —p .
1, =
2. The height of the counterstep is |a|.__l2| =1-31=3 L— Height of
¢) Determine . Lﬂ‘ﬂ‘ i
1. domf R 2.ranf lvly=-3m+6, me7}
3. the zeros of f. _[0, 2[ 4. the initial value of f. 0
5. the sign Off f(x) = 0 over ]-=, 2[; f(x) < 0 over [2, +oof
6. the variation of . _f > overR
© Guérin, éditeur ltée 3.5 Greatest integer function 113



GREATEST INTEGER FUNCTION

The Cartesian graph is a step function.
Each step has a length of II]J_l

We consider the greatest integer function f{x) = a[blx — k)] + k.

— If b > 0, the steps are closed on the left and open on the right (e—o}.
— If b < O, the steps are open on the left and closed on the right (o—e),

The height of the counterstep is lal.
domf=R,ranf= {y|ly=am + k,m € Z}
~ If ab > 0, the function is increasing.

— If ab < 0, the function is decreasing.

The function f has zeros if and only if & is a multiple of a.

The signs of a and b help us distinguish 4 cases:

a>0andb>0 a>0andb< 0
*—0 o—e
*=—0 o—e
*—0 o—9

a<Qandb>0 a<Qandb<0
*=—0 o—e
*—0 o9
*=—0 o—e
e N =
AY

Ex.: Given the function f{x) = 3[—%(:\: - 1)] +2 i

W,ehave;a=3;b=:—;-;,h*—:-1aq1dk=2.

— The length of a step is-l—%i-z .

- The height of a counterstep is |a| = 3.
— domf=R
~rmanf={y|y=3m+2,meZ}

~ initial value of f: 2.
fley>0ifx=<1;f{x)<0if x> 1

zeros of f: fhas no zeros, since k is not a multiple of a.

— fis decreasing over R since ab < 0. -~

2B —_-f’hasno extrema.

I—-- ®
nY

1. Determine the domain and range of the following functions.
b) y=-2[4(x+1)]+ 4
dom=R; ran =fy|ly=-Zm + 4, m ¢ Z}

2. Determine the zeros of the following functions.

114

2) y=4lx—5)|-2
dom =R,-rrtm afyly=4m -2, mc 7}

a) y=21c+1|-6
[11, 15[
) y=4[2x] +2

No zero

Chapter 3 Real functions

b) y=-3[2(x —4)] - 12

{2, 2.5[

d) y=-5[x— §]

18, 9

© Guérin, éditeur ltée
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3. Determine the initial value of the function f{x) = -3 E(x - 9)} +10 __16

=7, +oof

4. Determine over what interval the function f(x) = 3H~(x = 1)] + 6.is positive.
5. Determine over what interval the function f{x) = 5[x — 3] + 1 is strictly negative. __JF= 3[

©. Determine over what interval the function f{x) = 3[%(95 - 7)] + 6 is increasing. _ f  overR

7. Consider the functions f{x) = 2[-}(9; - ])] +2 and glx) = 3% +5+4.

Determine gefi7) =__ -3 —
8. Determine the rule of the greatest integer function represented i

on the right.

We choose th, k) = (2, 1) o———0

Ao -1
0@ implies that b< 0, b =3 oH—+—e
- ; o] | C
Fv implies thata> 0,a=2 1 ‘.

Rule: y = 2’-%(::- 2)] +1

9. A salesman in a store receives a weekly base salary of $300 plus a commission of $40 for every
10 items he sells during that week.

a) Find the rule of the function which gives the salesman’s salary y as a function of the
number of items sold x. _ ¥~ 40[%1 + 300

b) What is this salesman’s salary if he sold 84 items this week? $620

¢) In what interval is the number of items sold if the salesman’s salary is $5007

In the interval [50, 60[

d) Can this salesman earn a salary of $450? Justify your answer.

No, the equation 40[%] + 300 = 450 has no solution since [—150—‘ # 3.75.

10. The cost of parking in a lot is $8 for a duration of less than ¥4~
30 min. Afterward, the cost increases by $4 for every 30
minutes or part thereof The maximum cost is $20 per day. .

a) What is the rule of the function which gives the cost y
(in $) as a function of the parking duration x (in hours).
y =4[2x] + 8

b} Represent this situation in the Cartesian plane on the -
right.

¢) What is the cost for a parking duration of 1 h 40 min? $20
d) In what interval is the parking duration if the cost is $127
In the interval 1'; : 1:

wY
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3’ g 6 Piecewise function

ACTIVITY 1 Graph of a plecewise function

A function fis defined by three different rules, depending on v

the interval over which x is located. "=

_ Over the interval J-, 1], the function fis defined by the
rule f(x) = 2x + 3.

_ Over the interval -1, 1}, the function fis defined by the rule

flx) = ~(x + 1)2 + 1. 1 ]
_ Over the interval |1, +o], the function fis defined by the rule
f(x) =-3.
a) Represent, in the Cartesian plane on the right, the function f.
b) Determine
1. ff-2y=-1 2 floy=_0___ 3. fi5)y=_-3
¢) Find
1. domf=_R 2, ranf=_ 1= 11
d) Find
1. the zero of £.0 2. the initial value of f. 0
e) Determine over what interval the function is positive. l-%’ ol .
f) Determine over what interval the function is
1. strictly increasing. J=, 1] 2. strictly decreasing. -1, 1]

3. constant, _[& ¥

g) Does the function fhave any extrema? If yes, what?

Yes, a maximum; max f =1

ACTIVITY 2 Anemployee's salary

The weekly salary f(x) of an employee in an electronic games store  y4
is calculated, according to the number x of games sold, using the —T
following rule: - i
200 if x<2 1
flx)=150x +200 if2=<x <6 " -t
600 fx=6 I
1001
a) What is the salary of an employee who sells o] (]

1. 2 games?_300% 2.4 games? _400$ 3. 12 games?__ 600 $
b) Determine the number of games sold by an employee whose salary is

1. $200.__0or1game sold 2. $450. __ 5 games 3. $600. _6 games or more
16 Chapter 3 Real functions © Guérin, éditeur ltée
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PIECEWISE FUNCTIONS
A piecewise function is a function whose rule differs depending on the interval over which the
variable x is located.
Ex.. Consider the following function.
ﬂ*x);}
x—1 ifx=0 7
f(x) = {2 f0<x<2
-x+ 2 x=2
The graph of this function is represented in the Cartesian T
plane on the right. Y B >
dom f=R, ran f = |-, 4 L 1
When we evaluate this function for a given value of the
variable x, we find in which interval this value belongs to and
we use the rule of the function defined over this interval.
Thus, f(15) = (1.5)2 = 2.25; f(3) =—(3) + 2 =-1.
1. Graph the following functions.
a) 1 if x < -2 b} L{x+12+2 #-2<x<1 €) '—g if x=-1
W= gt gt hw= %x+§ fl<x<4 Hx)=1x f0<z=2

—2x+4 fx>2 -

y4 / A ¥4
T 2 el |

i\i’:i ‘ngi ‘
\ | s

2. For each of the piecewise functions given in number 1, find

a} the domain and range.
dom .fI =J"°°t _2[U .[-17 1[U {3’ +°c[; ran f_] =]-3, +°°.I

dom f, = [-2, 4]; ran f, = [-2, 2]
dom .fs =}, -1]U [0, +cof s ran f3 = o, 2] .

b) the image of 2.
f1(2): does not exist; f,(2): 5; f,(2): 2

€) the initial value,
Vr=-lLiy,=1;y;=-2

© Guérin, éditeur ltée 3.6 Piecewise function 117



4. The Kandev company sells wheelchairs to residences for the

5. The piecewise function f represented on the right (g

3. Graph the following functions and determine their domain.

3 ifx=2 1.2 ifx=2
y A

a} . [x—] if x =2 b) I2x+l if x <-1
flx}= f(x)=1-2 Ff-l<x<l
x

0 V; x

dom f =R — | x dom f =R\{-1) /,__9

elderly. The function fwhich gives the annual net profity (in o ﬁ':;ﬂ;'; L d;-.y
thousands of dollars) as a function of the number x of of $)
wheelchairs sold is given by the rule:

0.15x 0=<x<1000
flx) = {0.0825 +70 1000 < x < 3000

0.12x 3000 < x < 4000

a) If the maximum number of wheelchairs sold per year is
4000, draw the graph of this function.

54/ SN S ST Y
b) Find domf __ [0, 4000 : ! J
0 o ' i

¢) What is the profit made from selling 2500 wheelchairs? 500 whe elm:#:z;‘l’g

$270

d) Over what interval is the rate of change the greatest? __[0, 1000]
Profit & ¥

gives a company’s accumulated profit f(x) as a
function of the number x of elapsed months.

a) What is the company’s accumulated profit

after
1. 2 months?$3000 2. 4 months?_$4000 ‘ /
3. 6 months?$5000 4. 11 months? $7000 1 , |

b) Determine the number of elapsed months if kol Firvgl X
the company’s accumulated profit is of i " Nuriber
1. $3000. _2 months of months

2. $6500. 9 months
¢) Determine the rule of the function f

500x + 2000 Fo<x=<4
Fo0 = 5000 ife<x<8
-1500x + 20000 {f8=<x=10
| 7000 if10 <x =12
d) Over what interval is the function f
1. strictly increasing? 10, 41
2. strictly decreasing? 18, 10]
3. constant? 14,8[ or 110,12]
Chapter 3 Real functions © Guerin, éditeur ltée
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3 |7 Rational function

ACTIVITY 1 Basic rational function

Consider the function f defined by the rule: fx) = %

a) What restriction must be imposed'on the variable x?
x must be a non-zero real number.

y,}'

b) Complete the following table.

i >
1{ 1 111 '
x —4 -21-1 517 0 il I 1 214
I 1 1
j{x “al 2 -1 -21 2 4 2 1 z| 37

<) Indicate what number the variable y approaches as
1. the variable x takes positive values that are bigger and bigger. __ 0
2. the variable x takes negative values that are smaller and smaller, _ 0
d) Indicate the behaviour of the variable y as

1. the variable x takes positive values closer and closer to ZEro.
The variable y takes bigger and bigger positive values,

2. the variable x takes negative values closer and closer to Zero.
The variable y takes smaller and smaller negative values.

€) Graph the function in the Cartesian plane above.

f) Observe the branch of the hyperbola located in the 1% quadrant.

1. When x takes positive values that are bigger and bigger, the branch gets closer and closer to
the x-axis without ever touching it. We say that the x-axis is a horizontal asymptote to the
curve. What is the equation of this asymptote? v=0

2. When x takes positive values closer and closer to zero, the branch gets closer and closer to

the y-axis without ever touching it. We say that the y-axis is a vertical asympiote to the curve,
What is the equation of this asymptote? x=0

g) Observe the branch of the hyperbola located in the 3rd quadrant.

1. Do we observe a horizontal asymptote? If yes, what is its equation?
Yes;y =0

2. Do we observe a vertical asymptote? If yes, what is its equation?
Yes; x =0

The represented curve is called a hyp
point M(x, ) on a branch and veri

erbola. This hyperbola consists of two branches. Place a random
fy that the point M'(—x, —) is located on the other branch. The

origin O, mid-point of the segment MM, is therefore called the symmetric centre of the hyperbola.

© Guérin, éditeur ltée
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h) Determine

1. domf= _® 2. ranf= _ ®
3. the zero of . __does not exist 4. the initial value of f. - - does not exist
5. the sign of f fix) = 0 over R*; fix) < O over R*.

6. the variation of f f v over R*; f is never increasing.

7. the extrema of f (if it exists), _does not exist

BASIC RATIONAL FUNCTION
Consider the rational function defined by the rule:

f) =1

This function is called the basic rational function.

We have:
- dom f= R* ran f = R*.
fhas no zeros.

fis decreasing over R*.

I

The origin 0 is the symmetrical centre of the hyperbola.
The hyperbola has two asymptotes: the x-axis and the y-axis

The represented curve is called a hyperbola. This hyperbela consists of two branches.

A\CTIVITY Z Role of the parameters a, b hand k

The basic rational function f{x) =

a)

120

&%) = 57— * k | (standard form)

Consxder the basic rational function f{x) = = and the rational function

glx) =

 can be transformed into a rational function with the rule

Represent in the same Cartesmn plane, the functions g (x) = 2
&(x) == 2 and glx) == =L and explain how to deduce the graph of g
from the graph of f When

1. a>1: by a vertical stretch.

2. 0<a<1: by a vertical reduction.

3, a=-1: by a reflection about the x-axis.

4. Complete: From the graph of f(x) = 1, we obtain the graph gx) ==

x
by the transformation (x, y) — (x, ay)

Chapter 3 Real functions
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b) Cons1deir the basic rational function f(x) = - and the rational function
glx) = -~

1
2!

&(*) =gz Sx and g(x) = —~ and explain how to deduce the graph of g

Represent in the same Cartesian plane, the functions g (x) =

from the graph of f when
1. b>1- by a horizontal reduction.
2. 0 < b<1: _bya horizontal streich.
3. b=-1: by a reflection about the y-uxis.
4. Complete: From the graph of flx) = —, we obtain the graph g(x) = = by the transformation
(5,9) = .__67Y
5. Compare the graphs of f and g in each of the following cases and justify your answer,
1 _1_¢2
They are the same. In fact, 5.5 0.5x E i
o ——andg(x) = =R
—_— 0w 2w
f(x) an d g(x) _2]; 'I'hey ctre the same. In fact, . - Zx'
They are the same. In Sact, —1 =L

-x*

fx) = ‘; and g(x) = —

The reflection about the x-axis and the reflection about the y-axis have the same effect on
the basic rational function,

<) Consider the basic rational function f{x) = = and the rational

function g(x) = i 7
Represent in the same Cartesian plane, the functions
g(x) = 2, &(x) = + pogree —— and explain how to deduce the

graph of g from the graph of f when
1. k> 0: _by a horizontal translation to the right.
2. h < 0: _by a horizontal translation to the lefi.

3. What is the equation of the vertical asymptote of the function g(x) = Lh ?_x=h

4. Complete: From the graph of f(x) = i, we obtain the graph g(x) = xlTh by the

transformation (x,y) — _(x + h, v)

© Guérin, éditeur ltée 3.7 Rational function 121




. . . 1 . .
d) Consider the basic rational function f(x) = + and the rational Yo
function g(x) = % + k.

Represent, in the same Cartesian plane, the functions g (x) = i +1,
&(x) = % — 3 and explain how to deduce the graph of g from the
graph of f when

1. k> (Q: _by a vertical translation upward.

2. k < Q- __by a vertical translation downward.

3. What is the equation of the horizontal asymptote of the

function g(x) = i+k? y=k

4. Complete: From the graph of f(x) = 2

;J

we obtain the graph g(x) = 1 +% by the
x

transformation (x,y) — (v +k)

RATIONAL FUNCTION — STANDARD FORM
* The graph of the function

)=y +F

is deduced from the graph of the basic rational function y =1 by the transformation

(x,y)—»[%‘-+it,ay+k]

* This hyperbola has two asymptotes, the vertical asymptote with equation x =k and the
horizontal asymptote with equation y = k. '
* The point (k, k) is the symmetrical centre of the hyperbola. A

‘Ex.: To graph the hyperbolay = 2(x3_ 5 + 2, o

1. we draw the asymptotes.
— vertical asymptote. x = 1.

—horizon‘talasymptote:y:Z.. e - \1‘-

2. we complete a table of values. ; -
x| 2] af o] 1| 2] 37 4 |
y | 15]125] o5 3.5 [ 2.75| 25

3. we digw the hyperboia using the symmetrical centre (h, k).

122 Chapter 3 Real functions © Gueérin, &diteur ltée
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T. Graph the following rational functions.
2) fir)=4. b) fix) =

YA ;
1_- . J S

-2
El
)

YA

“RY

L]
-

- —— i i ———— ]

—— e

Y
y

ACTIVITY 3 Study of a rational function
Consider the function f defined by the rule y = 2( : 3 + 1.
-
a) Graph the function in the Cartesian plane on the right.
b} Determine
1. dom f= _R\M2) 2. ranf= R\{1}

3. the zero of f (if it exists). 0-5. 4. the initial value of f.
{x) = 0 over ]-uu, %] U 12, +f; f(x) < O over

5. the sign of f. d

_025

1
Z 2[

6. the variation of f. f> over R\M2]J; f 7 never

7. the extrema of f. does not exist

© Guérin, éditeur ltée
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MCTIVITY 4} Finding the zero of a rationai function

=3

a) Consider the function defined by the ruie: y = P + 5.
Justify the steps which enable you to find tht zero of this function.
-3
Ax — 2) +5=0 Replace y by zero.

-3 _ .
4x—2) =5 Subtract 5 from each side.

—20(x — 2)=-3 The cross products are equal.

3
x—2= 20 Divide each side by -20.
__ 43
X=35 _ Add 2 to each side.

b) Under what condition does the zero of a rational function defined by the ruley = 7 (x‘;‘_ » +k
exist? Ifk+0

“STUDY OF R RATIONAL FUNCTION
Consider the rational function f defined by the rule;

fx) = ﬁ + k| (standard form)

* dom f= R\{k}; ran f = R\{k}
¢ The zero of fexists if k& # 0, and the initial value of f exists if # # 0.
e To study the sign of f,
~ we find the zero (if it exists); _
~ we establish the sign of f using a sketch of the graph.
® Variation
~ If ab > 0, f is decreasing over the domasn.
— If ab < 0, f is increasing over the domain.
» The rational function has no extrema.

2. Determine the domain and range of the following functions.

a) :‘V=4(9«:_-2|-5)_7 b) y=2(x3:—1)+4
dom = R\{-5}; ran = R\{-7} dom = R\{1}; ran = R\{4)

3. Determine the zero and initial value of the following functions.

__3 __2 _5
a) y—x_5+4 b) ¥ o) J y=2+10
Zero: %; iv. -‘!-5-?- Zero: none; i.v.: -% Zero: %; i.v.: none
-, 1 E, 0
&. Determine the interval over which the function f(x) = 5 ~4 5 + 3 is positive, i B F i [
% —
124 Chapter 3 Real functions © Guérin, éditeur ltée
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5. Determine the interval over which the function fz) —

3
2x + 2)

6. Study the variation of the function fx) = + 4. _f7 overR\1]

— 1 is stricdy positive.

-1

X

S(x —1)

7. Consider the functions fx) = 2|x + 4| + 5, g(x) =34 -3 + 2, h(x) =

i(x) = 3 7% — 2)| + 1. Determine fogohoi (1) =

— +

2
5

8. Given fx) =

f °8(x) = f(3x - 2) = +Im=

. 1 + 1.
ﬁlnct]_on f [} g . 6) 2(x -~ 2)

‘3 3 T I and g{x) = 3x — 1. Determine, in standard form, the rule of the

&@FHWHW 5 Finding the rule of a rational function

Any rule of a rational function can be written in the form y — - = 7+ k.

a) Consider the function y =

5( )
-0.5
v 2 +1

_ a

x—h

b) Consider a rational function whose graph passes through
the point P(1, -2),

+ 1. Write the rule of this function in the form

1. Identify hand k. _h =-2, k=-1 ——

2. Determine a knowing that the coordinates of the point
P(1, -2} verify the rule of the function.

We have: y=',$'-1;-2=f%—1;-1=§';a=-3.

i

-3 _
3. What.isthenﬂeofthefunction? V= ++2 1

e il N T A

Any rule of a rational function can be written in the form

The asymptotes and 2 point are known.
1. 1dentify the parameters % and k. 1. h=1andk=1

'1+1

2 Find a after replacing, in the rule, x and yby
the coordmates of the given pomt P

_ a-—2
3 Deducetherule ' ,' 3. y= '———+1

FINDING THE RULE OF A RATIONAL FUNCTIGN |

23

=Y
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9. Find the rule of the following rational functions.

b) / 7
f 1 ¥
!
Rk R Y N R
1 >
o i
v /P, )
I
1
-2
y= x+2 +1

MACTIVITY © Inverse of a rational function — Standard form

a) Consider the rational function f defined by the rule: y = 1)

Justify the steps which enable you to determine the rule of the inverse function 1

1. Isolate x in the equation y = — =% —
q y e+ 1)
2 ..
5= Add 5 to each side.
YH2= 3wy
2 .
3x+1)= P Switch the extremes.
=2 Divide each side by 3.
x+1 v
Tt =%ty
e Subtract 1 from each side.
3y +5)
2, Interchange the letters x and y to obtain the rule of the inverse. We get:
- 2
S
b) Complete: The inverse of a rational function is a rational function.

¢} 1. Determine

1) dom f = _RM-1} 2) ranf = R\-5}
3) domf‘l = R\!_S’ 4) ranf‘l — R\f—l}

2. Verify that dom f~! = ran fand thatran ! = dom f,

126 Chapter 3 Real functions
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INVERSE OF A RATIONAL FUNCTION

The inverse of a rational function is a rational function.

Ex.. Given the rational function defined by the rule y = 3 "i 7=
3(x

The inverse f~! is a rational function defined by theruley=_=2 __ _ |

3x +5)
(See activity 6 for finding the rule of f-1)

Note that dom f = ran f~! = R\{1} and that ran f = dom -1 = R\{5}

10. Determine the inverse ofsthe following rational functions. r

Y oo 3 y=5-5 -1 'y=2(-sj+4
AV y=m ol ) y=gp g +3 -

11. A train travels a distance of 240 km. We , :
consider the function f which gives the | Z%WH | 40 | 60 | 80 [ 120 | 160

duration # (in h) of the trip as a function of the [ ¢ i 6 4 3 2 |15
train’s speed v (in km/h).

a) Complete the table of values on the right.
b) Is the rate of change of the function f constant? No (h) 1

€} Verify that the product of the variables vt is constant, vf = 240 4

We say that the duration of the trip is inversely proportional T
to the speed or that the speed is inversely proportional to T
the duration. -~

d) What is the rule of the function? _©~ v 14

Duration 4 ¢

4]
€) Graph the function fin the Cartesian plane. of ZEJ Tt F 1 sj
f) Determine L

1. dom f. _10, +oof 2. ranf. _I0, +oof

g) When one variable increases, does the other variable increase or decrease? __ It decreases.

h) Is the function fincreasing or decreasing? Justify your answer.,
Decreasing, since the duration decreases as the speed increases.

T12. Renovations to a home require a total of 40 h of work for one employee, Consider the function

f which gives the duration y (in h) of work per employee as a function of the number of
employees x hired to do the renovations.

a) Complete the following table of values. Duration 4

x{1f1214150)18 {10 &
y|420]20[10[ 8] 5] 2

r o

y

siecletrivisiteti i ta ada i dalatlalels
SRR AR LA LA U U SR U O U UR O U U VR U U 0 O O SR O S TSR O TR O T B S i 0l s

- 40
b) What is the rule of function f? Yox 21
€) Graph the function fin the Cartesian plane. —— 2=
_ 2 .Number of
d) Is the function fincreasing or decreasing?__ Decreasing employees
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ACTIVITY 7 Rational function - Genera! form
Consider the rational function defined by the rule y = _.3_5)_ + 4 (standard form).
T

X
a) Justify the steps which enable you to write the rule of this function in the form y= ax_:dé'
y= 3 4—_3 8x—5) Finding a common denominator
Ax-5) 2Ax-5)  2x-5) "~
_ 3 +‘8_(x _'__5) Addition of the 2 fractions; % + —;' - a; £,
T 2(x-5) '
_ 8x—37 Simplification
2x—10
The form y = ::3 is called the general form of a rational function.
b) 1. Identify the parameters k and k of the standard form. h=5:k=4
2, Identify the parameters g, b, ¢ and 4 of the general form, a=8b=-37,c=2d=-10

. o _d .
3. Verify that the vertical asymptote has the equation x =4, X=h=2andx = Pkl
[4

a
4. Verify that the horizontal asymptote has the equation y = %. y=k=-4andy=~ =4

) Consider the rational function y = ;5: ;3 {(general form).

To obtain the standard form from the general form y= A% where A(x) = 5x — 3 and
B(x) = 2x + 4, we proceed in the following manner: Bx)
1° Determine the quotient Q(x) and the remainder R{x} A(x) [ B(x)
from Euclidean division (i.e. long division) R{x) | Q(x)
of A{x) by B(x).
2° F;i)m the Euclidean relation A(x) = B(x) - Q(x) + R(x), we deduce the standard form of the
rule.

Al) _ Rx)
B — 2T Q)

1. Perform the Euclidean division of A(x) = 5x — 3 by B{x) = 2x + 4 and determine the
quotient Q(x) and the remainder R(x).

_5x-3 |2x+4
5 5x+ 1015
Q(x) = 5 R(x) = -13 -13|2
S5x—3 v= 5 + =13 _
2. Deduce the standard form of the rule of the function y = 2:; T 2 2(x+2)
128 Chapter 3 Real functions © Guérin, éditeur Itée
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RATIONAL FUNCTION — GENERAL FORM
* The general form of a rational function is:

flo) = St

.

* domf= R\{——} ran f = R\{ }
* Vertical asymptote: x =—£ ; horizontal asymptote: y = -‘-:—

Ex.. Given the rational function f(x)= %"‘—13

— dom f = R\{1}; ran f = R\{2}.
— Vertical asymptote: x = 1;
horizontal asymptote. y = 2.

— Zero of fiflx) =0 2x+3 =0« x=-_3

o8]

Ju}

- e e -

) e R,

- s w - — i mm ma w

— Sign of f-fix) = 0> x ]_w, —%Ju]fl, oo s

— Variation of f: fis decreasing over R \{1}.
— fhas no extrema.

fx) &O@xe[—%ﬁ,l‘[. NA :

— ]

e o —

13. Determine the domain and range of the following rational functions.

3542 x4
a) y=¥12 b) y=2xtd Q y=xt4

Sx+4
22 —

4
3

dom =R\[5], ran f =R \{3]  dom =R\{Z], ran f = R \{-—} dom =IR\{—}, ran f =R \{i}

14. Determine the zero (if it exists) and the initial value (if it exists) of the followmg functions.

3x--2 —5x +10
a) y-:4 b) y=="12 Q) y=
Zero: 3, io: 3 . Zero: 2, j.v: =2

—2x —
4x

Zero: -3, i.v: does not exist

15. Determine over which interval the following functions are positive.

4x42 _=2x+8
a) Y= x—3 b) y= 4x-2
fx) = 0 over ]—m, '?‘] U3, +oo f(x) = 0 over |~ 4]

16. Study the variation of the following functions,

_ ~dx 49 2x+45
3) y=="5 o
7 over R\{3] fy overR\ {2}
3
© Guérin, éditeur Itée 3.7 Rational function 129




1'7. Write the rule of the following rational functions in general form.

8x-5 =5x+13
=_3 V=ox-2 =——2__] ¥" 5x-15
a) y=5,5t4 s b) y=5—5"1 =
1 8. Write the rule of the following rational functions in standard form.
—3x+2 ~Axt3 _ —2x+5
A y=33 b) y=2"% ) Y= 5rd
__ii_, g 5,5 p=—i3 __2
v=3"3 V= Zx-3; 9(x+3) 3

e

19. Consider the rational functions f(x)= L + 3 and glx)= 3x+5

a) Determine the rule of the compos:te
11x - 11 9x+19

gofx)= Y~ 5x-9 2. foglx)y=_"" x-7

b) What can you say about the composition of a rational function with a rational function?
The composition of a rational function with a rational function is also a rational function.

20. Consider the rational function y = 5:—1'; (general form).

Justify the steps which enable you to determine the rule of the inverse f~!.

S5x+ 4

1. Isolate x in the equation y = —

yix—3)=5x+4 Cross products are equal.
—3y=5x+4 Distributive property of multiplication over subtraction.

xy — 5x = 3y + 4 _Subtract 5x and add 3y to each side.

x(y - 5)=3y+ 4 Factor out x on the lefi side.

x = 3v+4  Isolate the variable x.

y—5
2. Switch the letters x and y to obtain the rule of the inverse.
3+ 4
x-5"

2 1. Consider the rational function f(x)= o +§

a) Determine the rule of the inverse f~!.

We get: y=

10 = o

b) Verify that
1 fof{x) =x 2. flof(x) =x

22. Consider the rational function f(x)= _:;:13.

_1 o
a) Determine the domain and range of f. dom f=R \{ 4]' ran f =R \{ 2]

-x+3

b) Determine the rule of the inverse f-1. F U =Gxez

¢} Determine the domain and range of the inverse f~! and verify that dom f~! = ran f and

ran {1 = dom f.
s e -
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~ Evaluation 3 = LG
1. Determine the domain and range of each of the following furictions,
a) y=-2x%+4x 9 b) y=4jx- 5/ +8 Q) y=gy-x-4)+3
‘ dom =R, ran = J-x, ~7] dom =R, ran = [8, +acf dom = |-, 4], ran = {3, +=of
v i1 J 4
! dj :vx—2[3(x—5)J+4 e) V=3 +?2 f) y=—-dx+2
dom =R,
ran ={yiy=-2m + 4, mc 7} dom = R\{1), ran = R\{2} dom =R, ran = R
! 2. Determine the zero(s) and the initial value of each of the following functions /
a) y=-2(x-4)2+8 b) y=3x-35 9] y=%Jx+1—3
Lr Zeros: 2 and 6, i.v.: -24 Zero: §, i.v.: -5 Zero: 15, i.v.: 2 |
d) y=31¢ 5)]+ & y=gEr+4 f) y=32x—-1]-6 |
Zeros: [1, 3], i.v.: -3 Zero: %, Lo %‘2-— Zeros; "'?1 and _g.. Lv.:-3

3. Determine over what interval each of the following functions is negative.

a) y=2x*~5x-3 b) y=-7x+ 63 ) y=2|8-x-12
'.,%’ 3] [9, +oof 12, 14]

d) y=—2:+4 &) y=-246-x +4 f) y=-|z -3
7 5[ I, 2] [-6, +of

A. Determine over what interval each of the following functions is increasing.

a) y=-3(x-5){x+1) b) y=2x-5 ) v=-[6-3x +1

J=, 2] R R
: 3 :

d) y-.:—31,—(x—1)+4 €) y=3]x~5/+2 f) y=m+5

F, 1] [5, +=[ &
B. Determine, if it exists, the extremum of each of the following functions.

3) y=-32+12x—7  b) y=-23—2x/+5 Q) y=-24x +7

max =5 max =5 max =7

6. Find the rule of the inverse of each of the following functions,

T e e g

JUUUUUJUUUJUJUY

a) y=-3x+8 b) y=3y2-x +4 Q) y=2(—x3_—])+8
p=-%x+-§- y=--;-_(x-4)2+2,x3=4 y=-§——-—!3_m+1

_ — - I
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9. Aaron is playing an electronic game. The height of a

7 - Consider the following real functions.

fx) =3x— 8 g(x)=3-JZx+1 —i5 h(x) = -2|x —~ 4| + 12
i(x) = 3(x — 2)2 + 4 k) =~ +1 o) =31+ 4)] -6
Determine
14
a) fogd) =2 _ b) lh(3)=__° Q keilS)=_13
d) fol(0)=_"2¢ ) kefoh(2) = it f) loh(-6)="2__

8. The path of a marble in a child’s game can be represented by the graph in the Cartesian
plane below. Initially, the marble is at a height of 7 dm from the ground,

Height (D
{dm)

1 -

0 1 v'l'lmg

{s)
7 if Osx<1
344 if 1sx=<4

foy=1a|x —5|+8 if 4<x=<7
24x-7+k f 7=sx =11
-55x+ b ifllsx<t¢

Determine the duration ¢ of the marble’s path.
ftd) = 4.75: ald-5| +8=4.75; a=-3.25

f(7)=1.5; k=1.5; fl11) = 2J11-7 +1.5=5.5
-5.5(11) +b=5.5;bm66; 5.5t +66=0=it=12s.

flashing dot on the screen can be modeled by a square 1‘::,?1?1 1
root function f from 0 to 4 seconds and by an absolute 6 -
value function g from 4 to 12 seconds as indicated by

the graph on the right. 3

The starting point of the flashing dot is the vertex of
the function f.

Determine at what times the flashing dot is at a height ' -ﬁ{:'f
of 1 5cm. |
fx) = -3 Jx +6; 9x) = -3|x-8|+3 \‘
The flashing dot is at a height of 1.5 cm at the times t = 2.25s, t=6sandt = I10s.
[ ' _ : - : m
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10. A company’s logo was drawn usin

root functions as indicated in the figure on the right. _
The rules of the functions fy eand £ are respectively

) =-2x +4and fi(x) = L + 4.

L

The x-coordinate of the intersection point of the functions 5
and f; is 16. Knowing that point A is the vertex of the
function f», what is the rule of the function 5?

Js(16) = 8; A(9, 0); foiv=afx-9
The rule of the function fpis;p = '_;. J?{x -9)

How many days go by between the moment the value of the share is worth $5 for the
first time and the moment it 1s worth $2 on its descent?

3
y=-%]x—1-2|+8; ~Slx-12|+8-5; ~%Ix-12{+8-2.
24 days.

12. The graph on the right illustrates a projectile’s trajectory thrown from a height of 7 m.

After 15 seconds, it reaches its maximum height of

40 m before descending onto the roof ofan 18 m  Height ‘f
high building. The projectile bounces and, 4 ™
seconds later, is at a height of 20 m. The first
trajectory follows the model of an absolute value
function and the second one follows the mode] of

a square root function whose vertex corresponds

to the pomt where it hits the roof of the building.

The projectile hits the wall of another building at - Building
a height of 25 m. How many seconds after the

projectile was thrown does it hit the wall of the 0 >
second building?

vy=-2,2|x-15] + 40; ~2,2|x-15] + 40 = 18;y=4x-25 + 18,
The projectile hits the wall of the second buiiding 74 s after it is thrown.
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